Some Probability Problems. 

1. In a test for ESP (extrasensory perception), a subject is told that cards the experimenter can see, but the subject cannot, contain either a star, a circle, a triangle, a square, or three wavy lines. As the experimenter looks at each of 40 cards in turn, the subject names the shape on the card. A subject who is just guessing has probability 0.20 of guessing correctly on each card. 


a. The count of correct guesses in 40 cards has a binomial distribution. What are n and p?  n = 40, p = .2

b. What is the mean number of correct guesses in 40 repetitions? np = 8

c. What is the probability of exactly 5 correct guesses? Binompdf(40,.2,5) = .854

d. What is the probability of 7 or fewer correct guesses? Binomcdf(40,.2,7) = .437

e. What is the probability of getting the first card wrong, but then the next two cards right? (.8)(.2)(.2) = .032. 

f. What is the probability of getting at least 8 cards correct? So, ok. We are interested in finding the probability of E, where E is the event that we get at least 8 cards correct – this includes the outcomes in which we get 8 cards correct, and 9 cards correct, and 10 cards correct, and so on. Now, EC is therefore the event that we get 7 or fewer cards correct, and in fact we’ve already computed that probability above. So, the probability of our event E is 1– [binomcdf(40,.2,7)] = 1 - .437 = .563. 

g. Your friend Esmerelda gets 10 of the cards correct. She thinks this means she has psychic powers. Do you agree with her? (Assume she is a trustworthy person and didn’t cheat.)
So this is a tricky question to answer given only what we’ve learned so far in this class. First let’s just look at some probabilities: the probability that someone who was just guessing randomly would get exactly 10 cards correct is binompdf(40,.2,10) = .1074, which is pretty small. But then, the probability of getting exactly 8 cards correct is only .1560, which isn’t much better, and that’s the most common outcome! It turns out that any of the possible outcomes look pretty small, because there are so many possible incomes. So, if we instead look at the probability that by randomly guessing, someone could get at least 10 cards correct, that might give us a better idea of how unlikely Esmerelda’s performance is. The probability of getting at least 10 cards correct is 1 – binomcdf(40,.2,9) = .2682. So that means that just over a quarter of the time, someone taking this test will score 10 or more cards correct. Based on that analysis, I would have to regretfully tell Esmerelda that I don’t think she’s psychic.

h. How many of the cards must someone get correct in order to convince you that they have psychic powers? Explain. 
Hmm. Well, it would have be higher than 10, that’s for sure! One way of answering this question is to try to determine before hand just how unlikely someone’s performance would have to be in order to convince us they weren’t just guessing – like, would a probability of 5% convince me? Personally, I think not, because a 5% probability means that 1 time out of 20 (on average) someone will guess that many. So what about a probability of 1%? Well… I’ll tell you what; I really don’t believe in psychic powers, so even if someone got a score that should happen only 1% of the time by guessing, I still wouldn’t believe they were psychic. I guess I would be convinced by a 1-in-a-million performance – that is, if someone did so well that the probability of doing that well by guessing was .000001, I  might believe they were psychic. So I played around on the calculator a little bit, and found the probability of getting 22 or more correct was .000001060 – so I’ll say, if someone can get 22 (or more correct) out of 40, I might believe they were psychic.
What’s interesting to me about this is that 22 is barely more than half of the cards. All someone needs to do is get a little more than 50% correct in order to make me believe in ESP! (Actually, to be honest, I’d probably believe they or the experimenters cheated instead.)
2. Suppose that a basketball player has a 78% chance of making a free throw, and each free throw she takes is independent of all the others. Suppose she ends up taking 12 free throws over the course of a game.


a. What is the probability that she makes her first five free throws? (.78)5 = .2887

b. What is the probability that the first free throw she makes is her fourth attempted? = (.22)3(.78) = geometpdf(.78,4) = .008305

c. What is the probability that she makes exactly 5 out of the 12 free throws? It’s binompdf(12,.78,5) = .005704

d. What is the probability that she makes at least 8 of the free throws? We do this by calculating 1-binomcdf(12,.78,7)=.8979

e. Let X be a random variable defined by the number of points she scores shooting free throws in this game. (Free throws are worth one point each.) The possible values of X are 1, 2, 3, … , 12. Find the expected value of points, E(X). 
So there’s a long way and a short way. The long way is to do:
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The easy way is to find the expected value of the number of free throws she makes using what we know about the binomial probability model: np = 12(.78) = 9.36
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