Math 124
Exam 1 Solutions

1. (20 pts.)
er +1 ifz<0
f(z) = 1z? ifo<z<2
2
S g > 2

(a) (6 pts.) Find the numbers at which f is discontinuous.

Note that the functions %x2 and e® + 1 are continuous where they are defined.

2_ 2_
The function x?;ac_2x9_:£3 = (x?f%) (a?—fl) is undefined at * = 3 and z = —1 and thus
2 —9x

discontinuous at those points. Since the function f(x) is defined as m when
x > 2, we have a discontinuity at z = 3.

The only other points for which there may be discontinuities are at x = 0 and
T =2

e Note that lirgl_ f(z) = lir(rJl_ e +l=e"+1=2
1

. o . 1 2 _ 2 _
and JE(I# flz) = xl{%+ g% = 5(0) =0#2.

Thus, lim f(z) does not exist. So, f is discontinuous at x = 0.
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e Note that JL%E f(z) = xlfél 51‘2 = 5(2)2 =2
: _op B2%-9x _ 3(2°-9(2) _ —6 _
and lim, Jw) = A 3 T 223 T 3 2

Thus, glcl_% f(z) =2 = f(2). So, f is continuous at x = 2.
Discontinuities of f: x+ =0 and x =3
(b) (6 pts.) Evaluate JICI_)II% f(x).
Since f is continuous at z =1, iin% flz)=f(1)==(1)* = =.
(¢) (8 pts.) Find the horizontal and vertical asymptotes (if any) for the function f.

e Vertical Asymptotes: The functions %xZ and e* 4+ 1 do not have vertical

2_ —_
asymptotes for any x values. The function z%{2x9373 = (;ixg(xi)l) = ngl (for

x # 3) has a hole at * = 3 and a vertical asymptote at + = —1. However,
322 —92

22-5,-3 only for > 2, so f has no vertical

the function f is defined as
asymptotes.



e Horizontal Asymptotes:

* lim flz) = Jim % = 3 (Same degree in num. and denom.)

* lim f(x):J}Lr{.loe$+1:1sinceex—>0asx—>—oo.

r——00

So, f has the horizontal asymptotes y = 1 and y = 3.

2. (20 pts.) Suppose the distance (in feet) of a mechanical toy monkey from a certain
point is given by the equation s = v/t +4 + 3 at time ¢ (in seconds). What is the
instantaneous velocity at 5 seconds? (Use limits to evaluate and include units for the
velocity.)

Two methods for calculation:

e Inst. vel. at t =5 = lim

f (5+hf)L—f 5) \/5+h+ +3-6

h—0 h—>0
\/ 9—|— 3
h—>0
— lim \/9+ -3 . VI9+h+3
TS0 h VI+h+3

g 9Eh=9
50 h(\/9+ +3)

= Jim \/9+h+3

= % feet /second

e Inst. vel. at ¢t =5 = lim

t—5 — t—5 t_5
g VEEL3
=5 t—H

\/t—i— —3 \/t+4+3
t—>5 t—5 \/t+4+3
t+4—9

= lim

t—5 (t— 5)(\/t+4+3)
= i \/t+4+3

= ¢ feet /second

3. (20 pts.) Find the derivative of g(x) = %xQ—F % using limits.

Two methods for calculation:

1 2 1 1.2, 1
e ¢'(x) = lim g(z+h)—g(z) — lim 3(@+h) +x+—h—(§;p +2)
! h—0 h h—0 h : 1
1 2 1.2
s(z+h)“—5 1 1
iy 2 ])1 27" | o
h—0



%x2+xh+%h2—%x2 (z+h)z

= M-
. wh+ih? _h
= M ="+ h)e
: —1
B }Lli%x tht (x+h)x
1
1,2, 1 12,1
— 5r°+-—(5a"+=
° g/(a> :}:ll% g(x]);_ ( ) — lll)I{ll 2 .fx_(; a)
1,2 1.2 1 1
27 2% | kT4
r—a

. ax
- }:1&(11 Tr—a ( +>x—a
o1 —(x—a
= lim §<x +a) ax(r—a)
1 1
= lim §<x +0) ~
1

) 3t—6
(a) (6 pts.) 324717
lim ?73t—6 = lim 3<t_2) = lim 3
t—2— t _4t+4 t—2— (t_2) t—2— t_2

As t approaches 2 from the left, t —2 < 0 since t < 2. Also,t —2 - 0 ast — 2.

. 3t—6 . 3
Thus, we must have that t1_1)12ni 2 a4 = tl_lg} 9 = 0.
. —3zP—2341
(b) (6pts) lim g5 52 4

e The degree of the polynomial in the numerator is the same as the degree of
the polynomial in the denominator, so the limit as ¢ — oo will be the ratio
of the coefficients.

L —320—23+1 3 _ 1

e [f you would like to algebraically solve this limit, consider the following:

L 3% g341 . T3—ats |
xl_l)r_noo 0x5 1927 = xEr_noo 9_'_%_%1 (Mult. num. and denom. by —5)
xr X
_ _3
=79



W=

) |r2—9|
(©) (6 pts.) tim 5=

Note that

2 : 2 _ >
’73_9’:{7“ 9 if r 9>0

—(r*=9) ifr*-=9<0

As r approaches 3 from the left, r? — 9 < 0 since r < 3,

O ] R i) B _
so lim S99 = lim =979~ = lim —1=—1.
(d) (7 pts.) ll_rg cos(ln s — 3-7;72)
Since cos(In s — SJFLQ) is continuous at s = 1, we have that
il_r)r% cos(In s — ﬁ) =cos(In 1 — ﬁ) = cos(—3) = 3.

5. (15 pts.) For the following function f, sketch a graph of the derivative f’ on the axis
given below.

Note that f'(z) =0 when z =0 or x = —3.

e r < —3: f/(x) <0 and becomes less steep and negative as x approaches —3.
e 3<x<0: fl(x)>0
e 0<x <2 fl(x)>0

e v >2: f'(x) < 0. The function flattens out as x increases, so f’(x) approaches 0
as r increases.






