Math 124
Final Exam Solutions

. (14 pts.) Evaluate the following limits. Justify your answers. If the limit is infinite, determine if
it is 400 or —oo.
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(a) (5 pts.) Q}Lrgo[2arctan x — ﬁ] = 2. g —7 = "
1 22 1
since as x — oo, arctanxr — 5 and S—3.- — 5 (Degree in numerator
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(b) (5 pts.) lim

Here are a couple of ways (both involving polynomial division) to find this limit.
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oNdﬁﬂmt%j%zﬁf+£i% (Dividing #*—1 by t2—1)
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e Note that t = 1 is a zero for both the numerator 3> —1 and the denominator t> — 1.
This means that ¢ — 1 must be a factor of both the numerator and the denominator. We
can see that the denominator factors in the following way: > —1= (¢t —1)(t +1)

The numerator must factor in the following way: 3 — 1= (t — 1) - p(t) where p(t) is
a polynomial in ¢.

Using polynomial division, we get that tt—l =t +t+1.

= t-1=@t-1)-+t+1)

=1 (=D +t+1) . .
So, lim = lim (Factoring numerator and denominator)
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(c) (4 pts.) lim (x— )

Note that as z — 7+, the numerator cos x approaches —1 and the denominator (x — )3
approaches 0.



Also note that (z — )3 > 0 for values of x > 7.

Since the numerator is approaching —1 while the denominator is approaching zero positively,
coS T
lim —— = —oc.
z—mt (.Z(,’ — 7T)3

2. (8 pts.) Find the intervals for which h(z) = ze~2*" is increasing

First Derivative: R/(z) = e 2% + xe’%xZ(—% -2z)  (Product & Chain Rule)
= e‘%ﬁ — 332@_% 2

= 737 (1 — 2?)

Critical Numbers:
Note that h'(x) is defined for all values of z.

Since e2%" > 0 for all values of z, /(z) =0 when 1 — 22 = 0.
So, h/(z) = 0, when z = £1.

Sign Chart:
- — — =0 + 4+ + + o - - - =
| |
x —1 1

Plugging in z-values less than —1, between —1 and 1, and greater than 1 into A’ will yield the
above sign chart.

From the sign of the derivative we can see that h is increasing for the values —1 < x < 1.

3. (7 pts.) Find the inflection point(s) of y = 22 — a*.

First Derivative: % = 3% — 423

2
Second Derivative: T;/Z = 1223 — 1222

2 2
Note that 37% is defined for all values of 2 and % =0atzx=0and z = 1.

(1223 = 1222 =0 = 122%(z—1)=0 = 2=0 or x=1)



Sign Chart:
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ﬁ———@————0++++
| |

T 0 1
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Plugging in z-values less than 0, between 0 and 1, and greater than 1 into 27% will yield the

above sign chart.
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From the sign of the second derivative we can see that y = %x — 2% only switches concavity at

x =1 Plugging in z =1: y=2(1)° —(1)* = _2

So, the only inflection point is (1,—%).

4. (15 pts.) Find the following. You do not need to simplify your answers.

(a) (5 pts.) Find % for y = [In(tan ) + 2]

Using the chain and sum rules:

dy _ 2[In(tan x) + 2] - (

I -sec’r + 2)

1
tan x

(b) (5 pts.) L [J2aT 5 coresin x] _ 7

Using the product and chain rules:

%[m X earcsin (E] _ %(21.4 _ 5)_2/3(81'3) X earcsin Ty m . earcsin m( 1 )

(c¢) (5 pts.) Find f'(t) when f(t) = (2;_ t?) - sec(3t).

Using the product, quotient, and chain rules:

F(t) = (W — 2t) - sec(3t) + (2; — 12) - see(3t)tan(3t) - 3

5. (12 pts.) Find the slope of the tangent line of the curve €™ 4+ 4 =5y — 3z at the point on the
curve at which x = 0.



To find the point on the curve at which x = 0, we must find y when x = 0.
= % +4=>5y—3(0) = 1+4=5y = y=1

So, we are looking for the slope of the tangent line at the point (0, 1).

Lo 4 4] = Ly — 3]

dx

Plugging in the values x = 0 and y = 1:
1.9y dy
01 — _
0+ ) =5, —3

_ s dy
l=55"-3 =

Ot~

Ot~

So, the slope is of the curve at the point (0, 1) is =.

6. (9 pts.) At exactly 5 seconds, the velocity of a particle is —10 cm/sec and the acceleration is
—0.34 cm? /sec.

(a) (6 pts.) Approximate the velocity of the particle at 5.5 seconds using linear approximation.

Note that a(t), the acceleration at time ¢, is the rate of change of v(t), the velocity at time
t.

Linear approximation: v(5.5) ~ v(5) +v'(5)(5.5 — 5)
=v(5) +a(5)(5.5 —5)
= —10 — 0.34(.5)
= —10.17 cm/sec

So, the velocity at 5.5 seconds is approximately —10.17 cm/sec.

(b) (3 pts.) Is the particle speeding up or slowing down at 5 seconds?

Since the velocity and acceleration have the same sign (they are both negative) at 5 seconds,
the particle is speeding up, i.e., the absolute value of the velocity is increasing.

7. (14 pts.) Find the minimum slope of the curve y = In x + %a:?’. Show your work and justify that

your solution is the absolute minimum.

Note that y = In z + 32* is defined only for z > 0.
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The slope of the curve is given by % = =

- + 422

To find the absolute minimum slope, we must differentiate % and find critical numbers of %
d? 1
ﬁ =—"5 + 8
Note that this derivative is undefined at = 0 (outside our domain) and it is equal to zero at
1
e 1 1 1
(——5 + 8z = = 8r=_53 = 3=1 = x?’:g = x:§)
Sign Chart:
d2
TE - - - — 0 4+ + 4+
|
1
v 2

2
Plugging in x-values less than % and greater than % into % will yield the above sign chart.

So, the slope = % is decreasing for 0 < x <% and is increasing for %< x.

N —

Thus, the slope must be at an absolute minimum when x

So, the minimum slope is %|x:1/2 = % + 4(%)2 =2+1=23.
2

8. (12 pts.) For what values of = are the following functions continuous?

(a) (6 pts.) g(z) =
cos(%) ifx >0

Note that xz_f)g;—?)?) = ($__|_31()x(—;£)3) = x_—33 for x # —1. So for z < 0, g(z) is discontinuous

at v = —1.
Also note that g(z) is continuous for x > 0 since COS(%) is continuous for all values.

To check continuity at = 0, we must evaluate the left and right-hand limits towards x = 0

and see if the limits match and are equal to g(0). This is the same as evaluating the functions
—3x—3 x
2—97—3 and COS(§) at z = 0.



Since cos(g) =1 and 02__3%(22))__33 = 1, we have that the function g(x) is continuous at x = 0.

So, g(z) is continuous for all values except x = —1.
(b) (6 pts.) f(z) = In(sin%e) +
To find the values for which f(z) is continuous, we must find where it is defined.

Since sin x is defined for all z-values and €*~2 is never zero, the only restrictions that can
occur with the domain are values of z for which the In(sin?z) is undefined.

Natural log is defined only for strictly positive numbers. Since sin?z > 0 for all x, the only

values for which In(sin?r) is undefined are values for which sin?z =0 = sin z = 0.
= x=knm
(for an integer k)

So, f(z) is continuous for all values except x = kr for any integer k.

9. (10 pts.) A woman that is 5 feet tall is walking away from a 14 foot tall streetlight at a rate of 4
feet per second.

(a) (8 pts.) How fast is the length of her shadow changing when she is 10 feet away from the
light? (Include units.)

Here is a diagram for the given situation.

Quantities:
Let & = the distance between the woman and

& the streetlight.
5
‘ﬁ. Let s = the length of the woman’s shadow.
I | S S
Rates of Change:
CC% = 4 ft/sec, % = 7 when z =10
Equation relating x and s:
. . . r+s S
Using similar triangles, we have that 11 — 5



= 5r = 9s

Differentiating with respect to time: %[Em] = %[93]
dr _ ods
Yar = Vit
Plugging in known values: 5.4 = 9% = % = %

Note: The rate of change % is constant and does not depend on how far the woman is from
the streetlight.

So, the length of the shadow is changing by % feet /second.

(b) (3 pts.) Is the length of her shadow increasing or decreasing?

The shadow length is increasing. The rate of change is positive and does not depend on how
far she is from the streetlight.



