
Some Interesting Problems - Set 5

l. (Math 60) The approximate positions of the numbers a, b, and e are shown on the
number line below. (Actually, the positions are not shown since I do not have the
knowledge to do this in Word. But choose, for example, 1<b<2and -1<e<a<O.)
Which of the following could be true?

1.
ii.
iii.

ab = e
ae = b
be = a

2. (Math 80) The points plotted below show the number of gallons of gas used along
with the number of miles driven for ten cars, A-I. Which car got the best gas
mileage? (Again, I do not have the knowledge to do this, but you can plot your
own ten or more random points.)

3. (Math 110) Assume that as a snowball melts its radius decreases at a constant rate.
Letf denote the fraction of a snowball that melts during the first h hours. Express in
terms off and h the length oftime it takes for the entire snowball to melt.

4. (Math lID-Math 699) Your friend writes down a polynomial,f(x), whose
coefficients are non-negative integers. You must determine this polynomial by
asking only two questions. Your questions must be of the form "What is the value
off(a)?" Describe how you should choose your inputs so that the values of the
corresponding outputs will enable you to determine the polynomial?

5. (Math 120) Let C be a circle of radius r centered at the origin and let P be a point
on C. Let A and B denote the points of intersection of the tangent line to C at P
with the x andy axes, respectively. Let Q denote the point of intersection of the
line through A perpendicular to the x axis with the line through B perpendicular to
the y axis. Find an equation of the curve traced out by Q as P moves around C.

6. (Math 120) Let a and b be positive constants. Express the slope of the line that
bisects the angle in the first quadrant formed by the lines y=ax andy=bx in terms
of a and b.

7. (Math 120) Prove that tan-\I) + tan-'(l/2) + tan-'(l/3) = nl2.

8. (Math 124) Letf(x) be a differentiable function and let pea, Ira)) and Q(b,f(b))
denote the coordinates of two distinct points on the graph off Express the x-
coordinate of the point of intersection of the tangent lines to the graph of y=f(x) at
the points P and Q in terms of a and b for the following functions:

a. f(x)= X2

b. f(x)= -rx
c. f(x) =lIx



d. J(x) = )(X2 + 1)

9. (Math 125) LetJ(x) be a continuous monotonic function. Let a,b with b>abe two
elements in the domain off Solve the equation

x b

fJ(t)dt = fJ(t)dt
a x

for Xin tenus of a and b for each of the following functions:

1.
11.

111.

fix) = 1
J(x) = l/x
J(x) = l/x2

J(x) = f(x2 + 1)IV.

10. (Math 126) Prove that the medians ofa triangle ABC are concurrent at a point P
which divides each median in a 2:1 ratio as follows: Let 0 denote a fourth point, and
denote the vectors from 0 to A,B, and C as a, b, and c, respectively. Let M denote the
midpoint of segment AB. Let P denote the point on segment CM such that CP:PM = 2:1.
Express the vector from 0 to P in tenus of a, b, and c, and conclude that the medians are
concurrent at P.

11. (Math 207) A chain of unifonu density and length L meters is placed on a horizontal
table with C meters of the chain hanging over the edge and then released. How long does
it take for the chain to fall completely off the table? Assume the force of friction between
the chain and the table is negligible.


