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Abstract

Krull-Schmidt Rings and

Noncommutative Resolutions of Singularities

Christopher L. Quarles

Chair of Supervisory Committee:
Professor James Zhang
Department of Mathematics

A Krull-Schmidt ring is essentially one whose category of modules admits a Krull-
Schmidt theorem. Many results about finite-dimensional algebras continue to hold
when we discuss Krull-Schmidt rings. We explore these results and phrase them in
a very categorical way. We also show a Morita equivalence between the category
additively generated by a noetherian module L and the ring End(L).

Van den Bergh defined a noncommutative crepant resolution over Gorenstein rings.
We explore what a more general definition might entail, and give a working definition
of noncommutative resolution over an arbitrary noetherian ring. We also prove some
basic facts about paths on AR quivers and projective dimensions of simple modules.

The techniques over Krull-Schmidt rings give us ammunition to attack a few exam-
ples. Some examples of how to compute the projective dimensions of simple modules
of endomorphism rings are given. We exhibit a non-Gorenstein ring which only has
a noncrepant noncommutative resolution, according to our working definition. The
paper concludes with an attempt to find a relationship between maximal ideals of a

blowup R[It] and 2-dimensional modules of End(R & I*).
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Chapter 1

INTRODUCTION

Both complete local noetherian rings and finite dimensional rings have been the
subject of considerable study. Each of these is an example of a Krull-Schmidt ring.
Krull-Schmidt rings have the special property that their categories of modules are
“local.” This paper will explore various properties of Krull-Schmidt rings, most of

which are analogues of more classical properties.

These techniques are then brought to bear on noetherian Krull-Schmidt rings to
study noncommutative resolutions of singularities. The notion of noncommutative
crepant resolution of singularity was defined in [vdB04] for Gorenstein rings. We
show that a somewhat relaxed definition is necessary to include non-Gorenstein rings
in the discussion of noncommutative resolutions, and explore what such a definition

might entail.

Chapter 1 discusses Krull-Schmidt rings, and explores some relationships between
arbitrary rings and categories. Section 2.1 defines the radical functor and characterizes
the simple modules of an endomorphism ring over a Krull-Schmidt ring. The fact that
the radical can be described in terms of a functor is one of the special properties of
a Krull-Schmidt ring. The notion of simple functor can be found in [Yos90]. Krull-
Schmidt rings have many of the properties of vector spaces. In Section 2.2 we define
the rank of a map (similar to the rank of a matrix). We include a proof that, over a
Krull-Schmidt ring, any morphism of modules can be diagonalized into the direct sum

of an isomorphism and a morphism in the radical. In Section 2.3, we give Hom(X,Y)



a filtration which naturally complements the notion of rank. Section 2.4 gives some
background on the relationship between rings and categories. Theorem 2.5.6 extends
that relationship to a form of Morita equivalence between add L and End(L), where
add L is the category additively generated by L. The rest of Chapter 2 discusses
almost-split sequences and how they relate to cyclic functors, irreducible morphisms,
and Auslander-Reiten quivers. We show that any morphism in Hom(X,Y’) can be
approximated to arbitrary order by paths on the AR quiver. Our only side trip will
be to prove a Nakayama’s Lemma and a Krull Intersection Theorem for categories.

In Chapter 2, we explore what it means to be a noncommutative resolution of sin-
gularities. Endomorphism rings of Cohen-Macaulay modules seem to be the things
to look at, so we restrict our attention to them. This may be an unnecessary re-
striction, but many of the tools we have work well with Cohen-Macaulay modules.
For instance, Auslander proved for a certain class of 2-dimensional rings that if L
additively generates MCM(R), then End(L) is a noncommutative crepant resolution
(though he did not, of course, use those words). In Section 3.5, we show that, for
dimensions greater than 2, the same argument doesn’t work near as well. If L addi-
tively generates MCM(R), we’ve thrown in too many Cohen-Macaulay modules. A
joint result of Leuschke, Iyama, and myself characterizes the projective dimensions of
the simple modules over such a ring.

The Morita equivalence between add L and End(L) from Section 2.5 gives us a
way of understanding these endomorphism rings. Essentially, all we have to do is
understand the subcategories of MCM(R). Some progress has been made along these
lines by Osamu Iyama through his maximal orthogonal subcategories. We use a few
pre-existing tools in a new fashion to understand the subcategories of MCM(R). We
can combine almost-split sequences to get projective resolutions of simple modules.
Using a similar idea, we can construct projective resolutions of simple modules by
travelling along the arrows of the AR quiver.

Chapters 4, 5, and 6 are all examples. In each case we examine the ring in question,



along with the endomorphism rings of the simple Cohen-Macaulay modules.

Chapter 4 studies the n Veronese subring of C[[z,y]]. A very well behaved gen-
tleman, C[[x,]]"™ is a Gorenstein 2-dimensional singularity. We give an algorithm
which will give a complete description of the projective dimensions of simple modules
over endomorphism rings of Cohen-Macaulay S modules.

Chapter 5 studies a conifold singularity. This ring doesn’t have quite as much sym-
metry. One endomorphism ring proves particularly difficult to calculate. Regardless,
we find a noncommutative crepant resolution.

The 3-dimensional ring in Chapter 6 is our chief example of a non-Gorenstein ring.
We show that, among endomorphism rings of Cohen-Macaulay modules, R has no
noncommutative crepant resolutions. We find a best candidate for a noncommutative
resolution, A, whose simple modules have projective dimensions 3 and 4. We also find
out some information about the Ext groups of the simple A-modules and the blowups
of the base ring.

The goal of Chapter 7 is to compare blowups of singularities with endomorphism
rings. The hope is that we can manifest the blowup as a moduli space of certain
modules over the endomorphism ring. To this end, we take three steps:

First, let A be a module finite algebra over a commutative local k-algebra (with
an extra couple properties thrown in) We give a rather natural bijection between the
Ext groups of the simple A-modules and 2-dimensional A-modules.

Second, we show that if R is a commutative noetherian k-algebra and S is a
connected graded R-algebra generated in degree 1, then every maximal nontrivial
homogeneous ideal p C S is also generated in degree 1 and S/p = k[x] as graded
algebras.

We then combine the two results to give a bijection between the simple graded
R[It] modules and the set of 2-dimensional Endg(R @ I*)-modules which fit into a
certain Ext group. The bijection is not completely satisfying, but it holds promise.

For simplicity’s sake, all work will be done over an algebraically closed field k,



though many of the results hold in general. In our notation, R will always denote a
ring. We use Mod R to denote the category of right R-modules, and mod R refers to
the category of noetherian right R-modules. The categories of left R-modules will be
denoted R — Mod and R —mod. Unless otherwise specified, all categories are additive
categories closed under direct sums and direct summands, and all subcategories are
full. In addition, all functors are additive functors. For a given R-module M, M* =
Hompg (M, R).

A noetherian module M over a commutative noetherian local ring R is called
Cohen-Macaulay if depth M = Kdim R. We say the ring R is Cohen-Macaulay if it
is Cohen-Macaulay as a module over itself. The subcategory of mod R consisting of
the Cohen-Macaulay modules will be denoted MCM (R). A regular ring is one with
finite global dimension.

A motif that seems to pop up in work over Krull-Schmidt rings is that a commu-
tative ring R is either (a) a projective right R-module or (b) the endomorphism ring
Endg(R). It doesn’t tend to be both (a) and (b) at the same time. The reader is

asked to keep this fact in mind.



Chapter 2

KRULL-SCHMIDT CATEGORIES AND
ENDOMORPHISM RINGS

The notion of Krull-Schmidt is one of locality. If R is a commutative local ring,
it’s category of projectives is Krull-Schmidt. We will see that if a category is Krull-

Schmidt, it has a maximal ideal of morphisms (though we won’t use those terms).

Definition 2.0.1. Let R be a ring. We say a category ¥ C mod R is Krull-Schmidt
if for every indecomposable module M in ¥, End(M) is a local ring.
We call a ring R a Krull-Schmidt ring if mod R is Krull-Schmidt, i.e. if every

indecomposable M € mod R has a local endomorphism ring.

Unless stated otherwise, R will be used to donate a Krull-Schmidt ring for the
rest of this chapter, with the exceptions of Sections 2.4 and 2.5.

Note 2.0.2. Our definition of a Krull-Schmidt ring is slightly different from that in
the literature, which says that a ring is Krull-Schmidt if (a) its category of finitely
presented modules has unique decompositions and (b) indecomposable finitely pre-
sented modules have local endomorphism rings. If R is noetherian, these definitions
are equivalent. However, the category of finitely presented modules is not generally
an abelian category. It will be convenient for us to work with a category closed under
kernels and cokernels. If the reader is nervous about the discrepancy, assume R is

noetherian and everything will turn out fine.

Definition 2.0.1 is motivated by the following theorem.



Theorem 2.0.3 (Krull-Schmidt Theorem). Let ¥ be a Krull-Schmidt category. Then
every M € ¥ admits a decomposition into a finite number of indecomposables which

18 unique up to isomorphism.

Proposition 2.0.4. (i) Every Krull-Schmidt ring where all projectives are free is
local.

(i) Any Artinian ring is Krull-Schmidt.

(iii) Any Henselian ring is Krull-Schmidt.

(iv) Any complete local ring is Krull-Schmidt.

Proof. (i) The ring R is itself a finite, indecomposable R-module, so R = Endg(R) is
local.
(i) [Lam01] Theorem 19.17
(iii) [Yos90] Proposition 1.18. Yoshino does not give a proof of this, however.
(iv) By a theorem of Hensel, all complete local rings are Henselian. The result

then follows from (ii).

2.1 The Radical and the Simples

Definition 2.1.1. Let R be a commutative Krull-Schmidt ring. For N, M € mod R,
we define the radical of Hompg(N, M)

radg(N, M) = {f € Hom(N, M)|VX € mod R indecomposable, every

X — N — M — X is not invertible}

We will write rad(/N, M) when no confusion can arise.
If f: N — M isnot in radg(N, M), we say f is partially split. (See Lemma 2.1.2

for an explanation.)



The definition of the radical can be extended for all rings by replacing “is not
invertible” with “is not in rad End(X)”. However, this definition is slightly less intu-
itive, and we will primarily be working with Krull-Schmidt rings.

Though we will show most of our results for Krull-Schmidt rings, most of the
results for radg (N, M) can be phrased by replacing mod R with an arbitrary category

Y. It is left to the reader to generalize the statements.
Lemma 2.1.2. Let R be a Krull-Schmidt ring. Then f ¢ rad(N, M) if and only if
there exists an indecomposable X € mod R and a composition

x-2onNToytox

with hfg invertible, g a split injection, and h a split surjection.

Proof. Assume f ¢ rad(NN,M). Then there exists an indecomposable X € mod R

and a composition

) G\ R YR

such that hfg ¢ rad End(X). Since R is Krull-Schmidt, X is local and hfg is invert-
ible. It’s easy to see that fg(hfg)~' is a right inverse for h and (hfg)~'hf is a left
inverse for g. Hence h is a split surjection and ¢ is a split injection.

The converse is obvious. O

Definition 2.1.3. Let N be an R-module for some ring R. A decomposition N = ®N;

will be called a maximal decomposition if each N; is indecomposable.

Proposition 2.1.4. Let R be a Krull-Schmidt ring, and let K, N, M € mod R.

(a) If M, N are indecomposable, then rad(N, M) = Hom(N, M) if and only if
N 2 M.

(b) If M, N have mazimal decompositions M = &5_ M;, N = ©j_|N;, then the
isomorphism ® : Homp(N, M) — @, ; Homg(N;, M;) restricts to a bijection.

¢ :rad(N, M) —— @, rad(N;, M) (2.1.1)



(c) If f € rad(N, M), then for every g: K — N, fg € rad(K, M).

(d) If g € rad(K, N), then for every f : N — M, fg € rad(K, M).

(e) Let M, N be non-isomorphic indecomposables. If f : N — N passes through
M, then f € rad(N, N). Specifically f is not an isomorphism.

(f) Hom(N, M) = rad(N, M) if and only if N and M have no isomorphic sum-

mands.

Proof. (a) We show the contrapositive in both directions. If N = M, then the
isomorphism f : N — M is not in rad(N, M), so rad(N, M) C Hom(N, M).
Now assume there exists f : N — M which is not in the radical. By Lemma 2.1.2

there exists an indecomposable X € mod R and a composition

) G\ A YA N

with hfg invertible, g a split injection, and h a split surjection. But M and N
are indecomposable, so h and ¢ are isomorphisms. Hence f = g '(hfg)h™! is an
isomorphism between N and M.

(b) Tt suffices to show that ® is a bijection between the complement of rad(N, M)
and the complement of & rad(XV;, M;).

Assume @ f;; is not in @rad(N;, M;). Then by (a) there exist numbers n, m such
that fom, : N, — M, is an isomorphism. Let ¢ : N,, — N and 7w : M — M, be the

inclusion and projection maps, respectively. The composition

-1
q N f anmwNn

Ny,

is an isomorphism, so f ¢ rad(N, M).
Now assume f ¢ rad(N, M). By Lemma 2.1.2 there is a composition

g f h

X N M X

with hfg invertible, g a split injection, and h a split surjection. Since R is Krull-

Schmidt, the decompositions of N and M are unique up to isomorphism. So, by



possibly composing with some isomorphisms and renumbering the decompositions of
N and M, we can assume there exists a left inverse m : N — X such that 7y, is
an isomorphism and a right inverse ¢ : X — M with imqg = M;. We can see that
fi1 = q(hfg)~'m|n,. This is a bijection, so fi; is not in rad(Ny, M;).

(c,d) Tt is plain from the definition of rad that if fg is not in its radical, then
neither f nor g is.

(e) Assume ¢ : N — M, ¢ : M — N are such that f = ¢¢. Since M 2 N, ¢ and
1 are not isomorphisms. Specifically, ¢ € rad(N, M). By (c), f = ¥¢ € rad(N, N),
so f is not an isomorphism.

(f) This follows directly from (a) and (b). O

Corollary 2.1.5. If R is Krull-Schmidt, the subset radg(N, M) is an R-submodule
of Homg(N, M).

Corollary 2.1.6. If R is Krull-Schmidt, thenradg( , ) is an additive sub-bifunctor
of Homg( , ).

Corollary 2.1.7. Let M be a noetherian module over a Krull-Schmidt ring R. Let
J be the Jacobson radical of End(M). Then radg(M, M) = J. Specifically, if R is
local, radg(R, R) is the maximal ideal of R.

We will in fact, see that, over Krull-Schmidt rings, rad is the largest proper sub-
functor of Hom. The way to think of rad is as an analogue of the Jacobson radical in
a category. The literature refers to the collection {rad(X,Y")|X,Y € X} as an ideal of
the category X. See, for example [Str95]. The Krull-Schmidt condition ensures that
rad is maximal in Hom, just like over local rings the Jacobson radical is a maximal

ideal. This is why we can think of Krull-Schmidtness as a local condition.

Definition 2.1.8. Given M, N € mod R, we define

Hom(N, M)

SN, M) = rad(IN, M)

(2.1.2)
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Since rad( , ) is a subfunctor of Hom( , ), S is also a bifunctor and there
exists a transformation Hom( , )— S( , ) which is natural in both arguments.

Specifically, we see

o If f: X — N, then S(f,M):S(N,M) — S(X, M) is given by:

S(f, M) () = of (2.1.3)
o If g: X — M, then S(N,g): S(N,X) — S(N, M) is given by:
SN, 9)(¥) = gv (2.1.4)

Proposition 2.1.9. Let R be a Krull-Schmidt ring, and let N = ©@N;, M = &M, €
mod R be mazimal decompositions. Then S(N, M) # 0 if and only if there is an N,
and M, such that N; = M,,.

Proof. We know by Proposition 2.1.4 (b), that

Hom(N, M) _ @ Hom(N;, M;)

SN, M) = rad(N, M) rad(N;, M;)

(2.1.5)

S(N, M) is nonzero if and only if one of the summands on the right is nonzero. But
the only way a summand Hom(V;, M;)/rad(N;, M;) can be nonzero is if some N; and

M, are isomorphic. O

Lemma 2.1.10. Let R be a Krull-Schmidt ring, L € mod R with mazimal decompo-

sition L = @L;. The right A-module Homg (L, L;) has a unique mazimal submodule,

rad(L, L;).
Proof. As R-modules
rad(L, LJ) = rad(Ll, LJ) EB cee EB rad(Lj, L]) EB cee EB rad(Ln, LJ)

But if ¢ # j, L; 2 L;. So by Property 2.1.4 (i), rad(L;, L;) = Hom(L;, L;) for all
t # j. Therefore,

rad(L, L;) = Hom(Ly, L;) @ - - - @ rad(L;, L;) ® - - - @ Hom(L,,, L;)
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But R is Krull-Schmidt, so Hom(L;, L;) is local, with maximal ideal rad(L;, L;).
Therefore rad(L, L;) is maximal in Hom(L, L;).

Assume there exists an A-submodule M C Hom(L, L;) such that M ¢ rad(L, L;).
We'll show that M = Hom(L, L;). Using the decomposition of L, there exists f =
(fi,-- s fir-o o fu) € M(rad(L, Lj)c, where f; : L, — L;. Specifically, this means

fi ¢ rad(L;, L;). Hence f; is an isomorphism. We denote the natural inclusion map
t;,  Li— L
Let h € Hom(L, L;). Set a € A to be a = Ljfj_lh. Then
fa = ijfj_lh

= il
= h

So for every h € Hom(L, L;), h € MA = M. Hence Hom(L, L;) = M. So T is the

unique maximal proper submodule of Hom(L, ;). ]
Corollary 2.1.11. The right A-module, S(L, L;) is simple.

Proposition 2.1.12. Any simple right A module T is isomorphic to S(L,L;) for

some 1l < j<n.

Proof. Let T be a simple right A module. There exists a surjective map ¢ : A — T.
We can decompose A = @ Hom(L, L;) as a right A-module. Since ¢ is nonzero, there
must be an Hom(L, L;) on which it is nonzero. Hence, there exists 1 < j < n and a

surjective map Hom(L, L;) — T'. But by Lemma 2.1.10, this means 7" = S(L, L;). O
Corollary 2.1.13. The simple A-modules are exactly the modules S(L, L;).

The reader should note that A/rad A = Hom(L, L)/rad(L, L) = &;;S(L;, L;) is

semisimple.
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Lemma 2.1.14. Let R be a Krull-Schmidt local ring and L € modR. Let L' be an
indecomposable summand of L. Then the simple module S associated to L' has the

property dimp/wS < (rk L')?.

Proof. First, note that S = (L', L")/rad End(L') as an R-module. Set n to be the

minimal number of R-generators of L’. Then there exists a surjective map
R'"— L' —0 (2.1.6)
This gives an injection
0 —— (L',L)) —2— (R, L) (2.1.7)

Quotienting out by rad End(L'), we get

(R", L)

0= 5 = S rad Bnd(D))

(2.1.8)

But note that W%fdl()ﬂ)) = (L)"/K, where K is some submodule of (L’)" which

contains m(L')".
We have the bound rkR% < rkr(L’)" = n?, and since m annihilates (L')"/K,

(L
K

rkr = rsz/m% <n? So (L')"/K is an R/m-vector space of dimension at most

n?. S injects into (L')"/K, so the dimension of S is bounded above by n? also. [

Lemma 2.1.15. Let k be an algebraically closed field, and let S be finite-dimensional

k-algebra which is a division ring. Then S = k.

Proof. We prove by induction on n = dimy, S. The base case is trivial. Assume the
result is true for all algebras of dimension less than or equal to n — 1, and assume
dimg S = n. Pick s € S. Then k[s] C S is a k-algebra which is also a field. Hence
k[s] = k. S is then a k[z] = k algebra of dimension less than n, so S = k. O

Proposition 2.1.16. Let k be an algebraically closed field, and let (R, m, k) be a local

k-algebra. For every simple right A-module S, dimgS = 1.
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Proof. We know S is a quotient of the ring A, which is simple as an A-module.
Hence S' is simple as an S-module, so it must be a division ring. By Lemma 2.1.14,

dim;,S < n? for some n € N. By Lemma 2.1.15, dim;S = 1. O

2.2 Rank

In this section we assign a number to every morphism in a Krull-Schmidt category
called the rank. This assignment is an analogue of the rank of a matrix. It measures
the number of indecomposable summands on which the map is an isomorphism. We
prove Theorem 2.2.7 which says that any morphism in a Krull-Schmidt category can

be diagonalized into the direct sum of an isomorphism and a map in the radical.

Definition 2.2.1. Let N € mod R. Recall that a maximal decomposition N =
Ny @ --- @ Ny, has the property that N; is indecomposable for every 1.

If R is Krull-Schmidt this decomposition is unique up to isomorphism. We then

say the Krull-Schmidt length of N is k, or ksl(N) = k.

Definition 2.2.2. Let R be a Krull-Schmidt ring. Let f : N — M be a morphism
in mod R. We define the rank of f to be

rk(f) = max{ksl(X)| X N—1-m X is an iso} (2.2.1)

Proposition 2.2.3. Let R be a Krull-Schmidt ring. Let N, M € modR and g : N —
M. Then

(i) rad(N, M) = {f € (N, M)|rk f = 0}

(11) rk f < min(ksl(M), ksl(V))

Definition 2.2.4. Let f: N — M. We say that f has full rank if
rk f = min(ksl(M), ksl(N)).

Lemma 2.2.5. Let R be a ring, with N € mod R. Assume there ezists e € End(N)
such that ¢ = e. Then N = ime @ kere.
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Proof. Set X =ime, K = kere. First note that for everyn € N,n=en+(1—e)n €
X+ K. So X+ K = N. Also, assume n € X K. Since n € X, n = em for some
méeN. Sincene K,0=en=e*m=em=n. So XK =0. O

Lemma 2.2.6. Let R be a Krull-Schmidt ring with N,M,X € modR, and [ €
Hom(N, M). The following are equivalent
(a) There exist maps o, T such that the composition

X 2-N-Topy T

X (2.2.2)

s an isomorphism.

(b) There exist summands Xy C N, Xy C M such that Xy = Xy

I%

X

im flxy, C Xup, and f|x, : Xnv — X is an isomorphism.

(c) There ezist decomposition N = Xy ® N” and M = Xy & M’ such that Xy =
Xy = X and f can be written as a direct sum f = fx ® f: Xn B N" — Xy & M,
where fx is an isomorphism. Equivalently, 2.2.2 can be written

XN

X

~

Proof. (¢) = (a): Set 0 : X — N to be the composition X —— X ¢ N, and

set 7: M — X to be the composition M Xy —= M . This gives the desired

result.
(a) = (b): Without loss of generality, assume 7fo = 1x. Since 7 fo is an isomor-

phism of X, 7 is surjective and o is injective. Define Xy = imo and X,; = im fo.

flxy T X

X —= Xy Xum X

The injectivity of o gives the isomorphism X = Xy. Now 7|x, f|x,,0 = 1x, s0 f|xy0
is injective. But ker f|x, = o(ker f|x,0) = 0(0) = 0. So ker f|x, is injective. By
construction, f|x, is surjective, so f|x, : Xy — X is an isomorphism.

Also, note that o7 f € End(N) has as it’s image Xy, and

orforf = olx7f

= or1f
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So o7 f is an idempotent, and Xy is a summand of N. A similar argument shows
Xy is a summand of M.

(b) = (c¢): Definei : Xy < N and 7 : M — X}y to be the inclusion and projection
maps, respectively. We know 7 fi : Xy — Xj/ is an isomorphism. Set A = (7 fi)~!.

Set N” = ker(iAw f). We can see that iA7f € End(/V) is an idempotent:

iNTfidnf = i(nfi) 'nfidnf
= i f

So that N = im(inf) @ ker(iAnf) = Xy & N”. Now i\ is injective, so N” =
ker(iAmf) = ker(mf). So, remembering our decomposition M = X, & M’ if we
set f' = f|y», we see that im f* C M’. Setting fx = f|x,,, we get the desired
decomposition f = fx @ f': Xn B N" — Xy & M. [

Theorem 2.2.7 (Diagonalization Theorem). Let R be a Krull-Schmidt ring. For
f: N — M, tk(f) =k if and only if there exists a decomposition

fi 0
f= : N1 @ Ny — My @ M,
0 f
Where
(i) f1 : Ny — My is an isomorphism,

(11) fo € rad(Na, M), and

Corollary 2.2.8. Let k be a field. Then any matriz X : k™ — k™ can be diagonalized

X1
into X = , where X4 is an invertible matrizx.

0 O
We now prove some properties which are analogues of properties for vector spaces.

The very classical results for vector spaces are included for comparison.

Properties 2.2.9 (Properties of Vector Spaces). Let U, V,W be finite dimensional
vector spaces over a field, and let B: W — U and C,D : U — V' be matrices. Then
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(a) tk(C'B) < min(rk C,rk B)
(b) tk(C' + D) <rkC +1k D

(c) C is of full rank if and only if it has a left or right inverse

Properties 2.2.10. Let N, M,T be finite modules over a Krull-Schmidt ring R. Let
fo:T — N and f1, fo : N — M be R-module homomorphisms. Then

(a) tk(f1fo) < min(rk f1, 1k fo)

(b) vk(f1 + f2) Stk fi 1k fo

(c¢) fo is of full rank if and only if f is either a split surjection or a split injection.

Proof. (a) Assume there exists X and maps

o fO fl T

X T N M

X

such that the composition is an isomorphism. Then the compositions

are also isomorphisms. This gives the relationships rk(fi fo) < rk(f1) and rk(f1fy) <
rk(fo).
(b) Set f = fi + fo. Then there exists a decomposition f = faf :NeN —
Mo M', where fv: N — M is an isomorphism, ksl(]v) =rk f, and f" € rad(N’, M").
I claim there is a decomposition N = N, @ N, such that filn, and fo|n, are
isomorphisms. Select a largest summand with respect to inclusion N; & N such
that fi|y, is an isomorphism. Pick N, & N to be such that N1 p Ny = N. Then

f1|N2 € rad(N27M)a but f‘NQ - fl‘Nz + f2|N2 is an iSOHlOI'phiSHl, S0 f2|N2 Is an
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isomorphism. Therefore fi|y, and fa|y, are isomorphisms. So

tk(fi + f2) = ksl(N)

= ksl(V}) + ksl(Ny)

= rk(fi|n,) + 1k(fo|n,)
rk(f1) +rk(f2)

IN

(c) This follows from the definition. O

2.3 Order

Given two indecomposable modules over a field k, there is only one noninvertible map
- the zero map. However, over an arbitrary Krull-Schmidt ring, there may be many
noninvertible maps. To describe these, we need to define the order of a map. Order is
the highest power of the radical that a map is in. For the ring theorists, think x + 2°

is order 1, 22 + 23 4+ 2% is order 2, and so on.

Definition 2.3.1. Let X be a subcategory of mod R, X € ¥, Y € mod R. We define:

radg(X,Y) = {feX)Y)|f=feofii0o---0 fi}

With f1 : X — 2y, fi : Z; — Z;y1 for 1 <@ < k, and fy : Zx — Y, each in their
respective radical and Z; € ¥ for 1 < i < k.

Additionally, define rad%(X,Y) = Homx(X,Y).

If ¥ = mod R, we will write rad},(X,Y).

Note that rads(X,Y) = radg(X,Y) for every category .

Definition 2.3.2. Let X € ¥, Y € mod R. We define the order of f € (X,Y) over
2
os(f) = sup{k| € radk(X,Y)}
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If ¥ = mod R, we may write og(f). We will use o(f) if no confusion can arise.
Note that the zero map has order oo, and any map which is partially split has

order 0.

Example. Let (R, m) = (C[[zy, 2o, ..., 20]], (21, 22,...2,). Then rad*(R, R) = m*.
For f(xy,2z9,...,2,) € R, or([f) is the degree of the lowest degree term of f. For

ezample, o(x1) = o(xz +2i7) =1, o(23) = o(x12,) = 2, o(zi + 21®) = 16, and so on.

Again, we are generalizing a concept in ring theory. Thinking of rad as the Ja-

cobson radical J of a category, rad® is the equivalent of J*.

Proposition 2.3.3. Let f, f1, fo be morphisms of R-modules. Then the following
properties hold.

(a) o(f) > 0 if and only if f € rad(X,Y") if and only if tk f =0

(b) o(fif2) = o(f1) + o(f2)

(¢c) o(f1 + f2) = min(o(f1), o(f2))

Further, if ox(f) # ox(g), then os(f + g) = min(ox(f), 0x(g)).

Proof. (a) is purely by definition.

(b) The order 0 and oo cases are trivial. Say os(f1) = k and ox(f) = j, and
assume 0 < k < 7 < oo. Then there exist compositions f; = fir--- fi1 and fo =
for + -+ fo1, where each f,,, is in its radical. Then fifo = fir - fiifor - fo1 € md]g“j.
Hence ox(f1f2) > k+ 7.

(c) The rank oo case is trivial. We've already shown that the sum of an isomor-
phism and a map in the radical is an isomorphism, which takes care of the rank 0
case.

So we can say ox(f1) = k and ox(f2) = j and assume 0 < k£ < j < co. We will
first show ox(f1 + f2) > min(k, 7). Then there exist compositions

fi1

X 71 fiz S

Ziy——Y (2.3.1)

X f21 fo2 fok fARerL

Z21 Z% ZjSy
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Where each f,,, is in its radical and fi;--- fi1 = fi and fy;--- for = f2. Now set

Ju® fa: X = Z1® 2y =1
Jsi=q fri® fai: Ziioa ® Zai1 — Zvi D Lo i<k (2.3.2)
Jik + (fojfojmr - for) : Zier @ Zop1 — Y 0=k
Then each fs; is in it’s radical, and we get the composition

Y +(fasf2g 1 f
x InShy g piutia | fuei@he o gkl ) (2.3.3)

Where fs = fay, - - - fs1. Therefore, fs € rad%(X,Y), and ox(fs) > k.

To show equality, set j = ox(f) and k = ox(g). Assume j < k, so that
radl(X,Y) D rad%(X,Y). We already know os(f + g) > j.

We will assume f + g € radgl(X ,Y) and derive a contradiction. Since g €
rad%(X,Y) C radZ (X, Y) and radZ™ (X,Y) is closed under addition, f = (f 4 g) —
g € rad}™ (X, Y). This contradicts the fact that os(f) = j. Hence ox(f +g) <j. O

The chain Hom(X,Y) D rad(X,Y) D rad*(X,Y)--- is a filtration on Hom(X,Y).
An interesting question might be: What properties does the associated graded module
have? Yoshino discusses the space Irr(X,Y) = rad(X,Y)/rad*(X,Y), but only in
reference to the AR quiver (see Section 2.10.)

In addition the assignment o : ¥ — Z seems to me to be quite a bit like the
definition of a discrete valuation, except of course that the domain for oy has multiple

objects. The only difference in the definition is that for a valuation, v,

v(zy) = v(z) + v(y)

The possible failure of this condition for oy, I think, is intimately tied to the cycles in
the AR quiver (see Section 2.10 for the relevant definitions), and hence this problem
doesn’t arise when ¥ is additively generated by one indecomposable (like a ring).
There is already some work along these lines in the case of Artin rings. See [Liu92]
or [BOS83].

The following is a corollary of the proof of Property 2.3.3(b).
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Corollary 2.3.4. Let X, Y be R-modules. Then for j < k, rad’(X,Y) is an End(X)—
End(Y) sub-bimodule of rad®(X,Y). More specifically, for any ¥ C mod R, the func-
torradl( ,Y) is a subfunctor of rads( Y.

2.4 Categories as Rings

In order to study endomorphism rings A over a ring R, it is helpful to look at functors
between mod A and mod R. To help us do this, we will take a brief side trip to get
some background knowledge about ringoids. Remember, our convention is that all
categories are closed under direct sums and summands. Unless otherwise specified,
R is an arbitrary unital ring throughout this section. See [Mit65] for the material in

this chapter and more.
Definition 2.4.1. A ringoid is a small additive category.

Example. Define a (non-additive) category R = { R}, with

Homgz (R, R) = Hompg(R, R) = R. Then R is a category with one object and whose
morphisms consist of the elements of R. This gives an idea of the motivation behind
ringoids. The morphisms in this category give the structure of the ring. However, R
does not fit our definition of a ringoid, since R is not closed under direct sums.

To make a ringoid which “represents” R, define a ringoid P(R), whose objects
are isomorphism classes of finite projective R-modules and whose morphisms are R-
module homomorphisms. Since every projective R module is isomorphic to a summand
of R™ for some n, the information about the morphisms of P(R) is, in some sense,

equivalent to that in Homg(R, R).

Example. Let C C ModR be a small category. Then C is a ringoid. For example,
take R = k[x,y|, and let C be the category additively generated by {(z),(y)}, with
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morphisms

I

Hompg((2), (z)) = R Homg((y), (z)) = R— = R

x
y
Homp((x), (y) = RZ = R Homa((y), (v) = R
Definition 2.4.2. Let C be a ringoid. A right C module (resp. left C module) is a
contravariant (covariant) additive functor F' : C — Ab. We will denote the category
of right C modules Mod C, with morphisms natural transformations of functors. The

category of left modules will be denoted C Mod .

Definition 2.4.3. An object in a category is noetherian if it has the ascending
chain condition on subobjects. We will denote the category of right noetherian C

modules as modC.

Note that if R is commutative, and C C Mod R, then every C module, F' can

be given the structure of a functor F' : C — Mod R. The R-action is given by
r-F(X)=F(r) F(X).

Example. The right P(R) modules are completely determined by the image of R in
ModR. Specifically, each object in ModP(R) can be identified uniquely with an R

module via the correspondence

ModP(R) «— Mod R
Homg( ,M)+— M

The morphisms in ModP(R) are natural transformations of functors n: F — G that

make the following commute (remember Hompry(R, R) = R:
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Specifically, they are maps such that nr = rn for all v € R. So Homgpr) (M, N) =
Hompg(M, N).
Hence the ringoid P(R) is “Morita equivalent” to the ring R. This result will be

generalized in Theorem 2.5.6.

Definition 2.4.4. Let R be a ring, L € mod R, and A = Endg(L). An A-module X

is representable over R if X = Hompg(L, M) for some R-module M.

More information about ringoids and their modules can be found in [Mit72] and

IMit78].

Proposition 2.4.5 (Freyd-Mitchell Embedding Theorem, [Wei94] 1.6.1). If C is a
small abelian category, then there is a ring R and an exact, fully faithful functor from

C into Mod R, which embeds C as a full subcategory.

This result is included to show result that a category C is quite often a subcategory
of Mod R for some ring R. From now on we will work exclusively in this case, so that

all C modules are functors to Mod R.

2.5 DMorita Equivalence of add(L) and End(L)

Unless otherwise specified, in this section R is an arbitrary ring. We start with a

theorem of Freyd.

Theorem 2.5.1 (Freyd). A category D is equivalent to ModC for some small addi-
tive category C if and only if C is cocomplete abelian with a generating set of small

projectives. These projectives are the set {Home( ,X)| X € C}.

The reader is referred to [Mit65] III, Theorem 5.3 for the relevant definitions and

the proof. This says, among other things, that Mod C is an abelian category.

Proposition 2.5.2. Let C be a ringoid. Then modC is an abelian category.
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Proof. Let ¢ : F' — G be a morphism of noetherian C-modules. We know i : K — F,
the kernel, and 7 : G — C, the cokernel are in Mod C by Theorem 2.5.1. We need only
show that K and C' are noetherian objects. But note that any chain of subfunctors
K, C Ky C --- C K is also a chain of subfunctors of F'. So the chain stabilizes, and

K is noetherian. A similar argument holds for C. ]

Definition 2.5.3. Let R be a ring and L € mod R. We define the category add L to
be the subcategory of mod R additively generated by L. In other words, add L is the
smallest full subcategory of mod R which contains L and is closed under direct sums

and summands.

The easiest categories to study are the “smaller” ones, in other words the category
add L for some noetherian R-module L. Over a Krull-Schmidt ring, these are the
categories which have a finite number of indecomposable modules. The noetherian

modules over add L can be described easily, as is evidenced by the following lemmas.

Lemma 2.5.4. Let R be a ring, L € mod R, and set X := add L. For any F' € Mod:,

F(L) is a noetherian R-module if and only if F is noetherian.

Proof. Assume F'(L) is noetherian and let F; C Fy C --- F' be a chain of subfunctors
of F. This gives a chain Fy(L) C F»(L) C --- F(L) of R-modules, which stabilizes by
assumption. Say Fy(L) = Fy;(L) for all i > 0. Well, let X € 3, with X &Y = L™
Then

Fipi(X) @ Fii(Y) 2 Fouy (X @Y)
= Fina(L")
= Fi.(L")
= Fr(X) @ Fr(Y)

This composition respects direct sums, so Fi,;(X) = F(X) for all objects X € 3.

Hence, the chain F;(X) stabilizes at k for every X € ¥. Now assume we have a
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morphism f: X — Y in ¥. We get a commutative diagram:

Fiu(X) —= Fri(X)(f)
Fk(f)i FkJri\L
Fp(Y) —— Fpi(Y)

The commutativity implies that Fi(f) = Fy.;(f) for all i > 0. Hence F}, = Fj; for
all 7 > 0, and the chain of ¥ modules stabilizes. Therefore F' is noetherian.
The reverse inclusion actually follows from Theorem 2.5.6, which we will prove

without the use of this lemma. ]

Lemma 2.5.5. Let F,G : add L — Ab. If there is a morphism of functorsn: F — G

such that n(L) is an isomorphism, then n gives an equivalence between I and G.

Proof. Since add L is additively generated by L, for every X € add L, n(X) is an

isomorphism. One can define an inverse transform to n in the obvious way. O]

Theorem 2.5.6 (Morita Equivalence of add L and Endg(L)). Let L be a noetherian
R-module, so that ¥ := add L C mod(R). Set A = Endg(L). There ezists an exact

equivalence of abelian categories

D :Mod> — Mod A
D:Fw— F(L)

with inverse equivalence

E :ModA — ModX

E M — Homa(Homg(L, ), M)

Furthermore, this restricts to an equivalence of abelian categories on the noetherian

subcategories mod > = mod A.
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Proof. First note that for FF € Mod X

ED(F) = E(F(L))

= Homy(Homg(L, ), F(L))

But note there is a natural transformation 4(r(L, ), F(L)) — F of functors on

add L induced by the natural isomorphism

Hom (Homp(L, L), F(L)) = Hom (A, F(L))
~ (L)

This gives a natural isomorphism ED — 1,,q5.

Now note that for X € mod A,

DE(M) = DHomy(Hompg(L, ), M)
= HOIIIA(HOII]R(L, L),M)
>~ Hom (A, M)

=M

Which gives a natural isomorphism DE — 1,04 4.

Now we need to show that this equivalence is exact. Assume

0 X Y A 0

is an exact sequence of A-modules. Then we’d like to show
0—FEX)—FEY)—E(Z)—0 (2.5.1)

is an exact sequence of functors on Y. Specifically, it suffices to show that this sequence
is exact when evaluated at every module in . But since every module M € ¥ is a

summand of L" for some n, it suffices to check that 2.5.1 is exact when evaluated at
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L. Evaluation at L is equivalent to the functor D : Mod ¥ — Mod A, and we already

said there is a natural transformation:

0——=DE(X)—=DE(Y)—= DE(Z) —=0

{4

0 X Y A 0

Which was exact in the first place. So 2.5.1 must be exact.

Now let

00— F—-G—H-=0

be an exact sequence of functors on . An exact sequence of functors is exact when

evaluated at every object, so
0— F(L)—G(L)— H(L)—0

is exact. Hence the equivalence Mod ¥ = Mod A is exact.
The fact that this equivalence restricts to the noetherian subcategories follows

immediately from the definitions. m

Corollary 2.5.7. Let L € mod R, and ¥ = add L. The categories Mod. and modX
have enough projectives and injectives. Furthermore, the projectives in modX. (i.e. the
“finitely generated” projectives) are exactly the objects Homg( ,X) where X € X,

and there is an equivalence of additive categories
add L = P(End(L))
The next corollary is a somewhat classical result.

Corollary 2.5.8. Let R be a ring, with L, L' € mod R such that L is a summand
of L' for some n and L' is a summand of L™ for some m. Then End(L) is Morita

equivalent to End(L').
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Theorem 2.5.6 says that the study of endomorphism rings of finite R-modules
is equivalent to the study of finitely additively generated subcategories of mod R.
This is a theme that keeps popping up. Osamu Iyama uses them when he refers to
maximal orthogonal subcategories in [Iya05]. We, too, will see that the notion of
approximation over a category plays right into any goals we might have of finding

projective resolutions of End(L)-modules.

2.6 Almost-Split Sequences

In this section we discuss the ideas of almost split sequences and approximations for

Krull-Schmidt rings. Throughout, R is a Krull-Schmidt ring.

Definition 2.6.1. [Yos90] Let R be a Krull-Schmidt ring. Let MCM(R) be the
category of Cohen-Macaulay modules. An almost split sequence (or an AR sequence)

is a short exact sequence of Cohen-Macaulay R-modules

0 X Y A 0

with X and Z indecomposable, and which satisfies either of the two equivalent [Yos90]
conditions:

(i) For every W € MCM(R) and morphism ¢ : W — Z which is not a split
epimorphism, there is a morphism p : W — Y such that gp = q.

(ii) For every W € MCM(R) and morphism ¢ : X — W which is not a split
monomorphism, there is a map p: Y — W such that ¢ = pf.

We say the given almost-split sequence ends at Z and begins at X. A ring R
admits almost-split sequences if there is an almost split sequence ending at Z for

every nonprojective indecomposable Z € MCM (R).

The original use of almost split sequences was for artin algebras, but their use

quickly spread to Cohen-Macaulay modules over noetherian rings.
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Definition 2.6.2. We say a commutative noetherian local ring R is an isolated

singularity if for every non-maximal prime p, R, is regular.

The following theorem was proven in [Aus86a] and later in [Yos90]. The proof

generalizes to Krull-Schmidt rings.

Theorem 2.6.3. Let R be a commutative noetherian Krull-Schmidt local ring. Then

R is an isolated singularity if and only if R admits almost split sequences.

Theorem 2.6.4. [HL02] Let (R, m) be a commutative noetherian local ring. Assume
R has a finite number of indecomposable Cohen-Macaulay modules. Then R is an

1solated singularity.

Proposition 2.6.5. Let R be a Krull-Schmadt. Let

0—>x Ty 2oz —y

be a short exact sequence in MCM(R) with X and Z indecomposable. Then the
following are equivalent:
(a) The sequence is an almost split sequence.

(b) For every W € ¥ the sequence
0 —— Hom(W, X) —L= Hom(W, V) —L> rad(W, Z) —— 0

18 exact.

(¢) For every W € MCM(R) the sequence
0 —= Hom(X, W) ——~ Hom(Y, W) —= rad(Z, W) —0
15 exact.
2.7 Cyclic Functors

The following two definitions are intimately related. The first was originally given by

Auslander.
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Definition 2.7.1. Let R be a ring. Let ¥ C mod R. A right approximation in ¥
of a module M € mod R is a morphism ¢g : N — M such that N € X and for every
X €3, Homg(X, N) — Hompg(X, M) is surjective.

Definition 2.7.2. Let R be a commutative ring, and let ¥ C mod R. Let N € X,
M € mod R, and f: N — M and R-module homomorphism. We define the following
contravariant functor f Hom( ,N):3 — Mod R. For any J K € Y and h: K — J:

fHom(J,N) = {fg € Hom(J,M)|g € Hom(J,N)}

fHom(h, N)(fg) = fgh

We say a contravariant functor F': ¥ — Mod R is cyclic if ' = f Hom( ,N) for

some morphism f. If this is the case, we say that f generates F' on .

The same functor may have different generators when restricted to different sub-

categories.
Example. Let M = xR be a cyclic right R module. Define a morphism

fR—M

T ar
Then we can look at the functor f Hom( ,R):P(R) — ModR.

fHom(R,R) ={fg € Homg(R,M)|g € Homgr(R, R) = R}
={f € Homg(R, M)}
=M

Since every functor on P(R) is uniquely determined by where it takes R, we know

fHom( ,R)= Homg( ,M).

Example. If N € ¥, then a morphism g : N — M generates the functor
Hompg( , M) if and only if g is a right approximation of M.
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Corollary 2.7.3. If X is a cyclic right R module,then Homg( , X) is a cyclic right
P(R) module.

Fortunately for us, the converse of Corollary 2.7.3 is not true.

Proposition 2.7.4. Let R be a commutative noetherian ring with L, M € modR.
Set ¥ :=add L. Then the functor Homg( , M) : 3 — modR is cyclic.

Proof. Since R is noetherian, and L and M are finite, Homg(L, M) is finite. Pick a
minimal set of R-generators {fi, fo,..., fx} for Homg(L, M). Set f = &f; : LF — M.
I claim fHomg( ,L*) = Hompg( ,M).

Note that any map g € Hompg(L, M) passes through f. We know there exist
r; € R such that ¢ = > r;f;. So if we define h : L — L' as h = (rq,...,r;), then
g = fh.

Since any map g : L — M passes through f, for any j € N, any map ¢’ : L7 — M
passes through f. Similarly, any map from a summand of L’ passes through f.
But this means that for every X € 3 and every g € Hompg(X, M), there is an
h : X — L7 such that ¢ = fh. Hence Homg(X, M) = fHom(X,L*). This is a

functorial equivalence, so Homg( , M) = fHom( ,LF). [

The definition of contravariantly finite subcategory was given by Auslander and

Smalo in [AS80]. We include it for comparison with artin algebras.

Definition 2.7.5. [AS80] Let C C D be categories. We say D is contravariantly finite
over C if for every D € D, there exists f : C' — D, C' € C such that (X, f) : (X,C) —
(X, D) is surjective for every X € C.

Corollary 2.7.6. Let R be a noetherian ring. Then for every L € mod R, mod R is

contravariantly finite over add L.

But an even stronger result holds.
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Theorem 2.7.7. Let R be a commutative noetherian ring, L € mod R, ¥ := add L,
and F € modX. Then F is cyclic if and only if F C Homg( , M) for some M €
mod R.

Proof. Assume F' C Homp( , M) with M finite, so that F'(L) C Homg(L, M). Both
L and M are finite R-modules, so Hompg(L, M) is finite. Further, F/(L) is also a
finite R-module. Take a minimal set of generators {fi,... fr} for F/(L). Essentially
repeating the proof of Lemma 2.7.4, we get that F' is cyclic.

Now assume F' = fHom( ,N), with f : N — M’. Then, by the definition,
F C Hom( ,M’). M’ need not be finite, but N is finite, so set M := f(N) C M.
We see that M is finite. We can think of f as a map f : N — M between finite
modules. So F'= fHom( ,N)cC ( ,M), for M € modR. O

Proposition 2.7.8. Let R and L be as above. Then any syzygy of a X-module is a

cyclic X-module.

Proof. A first syzygy X is a submodule of a projective module. But the projective
Y-modules are of the form Homg( ,Z) for some Z € add L. So X C Hompg( ,Z2).
By Theorem 2.7.7, X is cyclic. O]

Example. If L = R, Theorem 2.7.7 says that every noetherian P(R) module is cyclic.
So while we may require multiple generators for M as an R-module, we only need one
“generator” for Homg( , M) as a P(R)-module. But more can be said. A minimal
set of generators {fi,..., fr} for Hom(R, M) is equivalent to a set of R-generators
{0, f2(1), ..., fe(1)} of M. Hence the map f = &f; : R¥ — M is a projective
cover of M. Accordingly, if g : P — M 1is any surjection from a finite projective to

M, then gHompg( ,P)=Hompg( ,M).

Proposition 2.7.9. Let R be a commutative Krull-Schmidt noetherian local ring, L €
modR. Assume add L = MCM(R), X,Y,Z € add L, X and Z are indecomposable,
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and almost split sequences exist over R. Then the short exact sequence

0—>x 1oy 2

Z 0
is almost split if and only if g generates the functor rad( ,Z) : MCM(R) — mod R.

Proof. Assume g is a right rad-approximation. For any W € MCM(R), the functor

Hompg (W, ) is left exact, so
0 —= Hom (W, X) —L= Hom(W,Y) —~~ rad(W, Z) —=0
is exact. By the proposition, the sequence is almost split. Il

One thing we may want to do, if it is possible, is to understand the projective
resolutions of A = Endg(L)-modules in terms of complexes of R-modules. In light of
Corollary 2.5.7, approximations and, more generally, cyclic functors are exactly the

notion we need.

Proposition 2.7.10. Let f : N — M be a morphism of R-modules over a ring R.
Set K =%ker f, L € modR, and A = End(L). Then f generates the add L-module F'

if and only if the exact sequence

0—> K —>N—">Mf (2.7.1)

induces the start of a projective resolution of the A-module F(L):
0 —— Hom(L, K) —> Hom(L, N) = F(L) —0 (2.7.2)

Proof. Given 2.7.1, we know Hom(L, ) is left exact, so 2.7.2 is automatically exact
everywhere but at F'(L). Assume f generates F' on add L. Then by definition f :
Hom(L, N) — F(L) is surjective. So 2.7.2 is exact.

Similarly, if 2.7.2 is exact, we know f : Hom(L, N) — F(L) is surjective. So for
every X € add L, f : Hom(X, N) — F(X) is surjective. So f induces an epimorphism
of functors f : Hom( ,N)— F which means f generates F. O
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Let’s see how we can use this.

Lemma 2.7.11 (Yoneda Lemma). Let I' be a category. If F': T' — Set is a con-

travariant functor, and M an object in I', then there is a bijection
Nat(Homp( ,M),F)= F(M)
Where Nat denotes the set of natural transformation between the functors.

For a proof of the Yoneda Lemma see [MLIS].

Corollary 2.7.12. Let R be a commutative ring, L € modR and A = Endg(L).

Then for every X € add L and' Y € mod R, there is a natural isomorphism
Hom 4 (Hompg(L, X), Homg(L,Y)) = Homg(X,Y)

Theorem 2.7.13. Let R be a commutative ring, L € mod R, and A = End(L). For
every module X € modA, there is a complex, L., with each L; € add L such that
Homg(L, L.) is a projective resolution of X.

If R € add L, then L. is exact in all degrees but 0.

Proof. Every projective A-module is of the form Hom(L, M) for some M € add L. So

a projective resolution of X is of the form
d di d
"'H(L,Lk)L>"'*>(L,L1)*>(L,L0)L>X*>O

Using our equivalence of add L and P(A), the Yoneda Lemma says that each dj =
Hompg(L, fx) for some fy, : Ly, — Lji_1. The complex

fo P f

Ly, Ly Ly (2.7.3)

is the desired complex.
Now assume R € add L. We know, since Homg(L, L.) is exact in all degrees except

0, that the sequence of functors Homg( ,L.) : add L — mod R is exact in all degrees
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but one. But R € add L, so the complex, when evaluated at R is exact in all degrees
but one. There is a natural isomorphism Homg(R, L.) = L. which gives the exactness

of L.. O]

If X = (L, M) is representable, the complex L. from Theorem 2.7.13 will not, in
general, be a projective resolution of M.

Using the Yoneda Lemma, given a projective resolution L. of an A-module, we
can “pull it down” to a complex of R-modules. But what are these maps f;? The
Yoneda Lemma doesn’t tell us anything but that they exist. The f’s are exactly
the generators of the cyclic functors Hompg( , Kj_1), where Kj_ ;1 = ker f;_; as in

Proposition 2.7.10.

2.8 Irreducibility

Here we begin to construct the tools that help us categorize different R and ¥ in
terms of combinatorial data such as AR quivers and Dynkin diagrams. Throughout
this section, R is a Krull-Schmidt ring, and ¥ is a subcategory of mod R.

We give two very similar definitions for irreducibility. The first is the classical

definition, and we will not use it. It is written down for comparison.

Definition 2.8.1 (Classical Definition). [ARS97] A morphism f : N — M in
MCM(R) is called irreducible if f is neither a split monomorphism nor a split epi-
morphism, and if f = 70 for some Z € ¥, 0 : N — Z and 7: Z — M, then o is a

split monomorphism or 7 is a split epimorphism.

Definition 2.8.2. Let N, M € mod R, and f € rad(N, M). Refer to the following

diagram for the definitions below.

M (2.8.1)

NS

X
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e We say f is X irreducible if for every X € X, either o is a split monic or 7 is a

split epi.

e We say f is weakly ¥ irreducible if for every X € ¥, either o ¢ rad(NV, X) or
T ¢ rad(X, M).

These definitions are the same if N and M are indecomposable. The only difference
is that we require f € rad(N,M). In the classical definition, if f : N — M is
irreducible, then sois f @ 1x : N ® X — M & X for any X. These summands are
somewhat unimportant for our purposes (and many purposes in the literature), and
we really like to work with the radical.

We have the following implication for f.
¥ Irreducible == Weakly X Irreducible (2.8.2)

Proposition 2.8.3. A map f: N — M is weakly Y-irreducible if and only if os(f) =
1.

Proof. Saying a map can’t be decomposed into the composition of two maps in their
radical is exactly saying ox(f) < 1. The fact that ox(f) > 1 is by the assumption
that f € rad(N, M). O

Saying a map f is weakly X irreducible is equivalent to saying f is in the radical,
but not in the radical squared. It seems to be a slightly better behaved notion than X
irreducibility. Assume f; : Ny — M; and fo : Ny — M are X irreducible morphisms.
Then f1 & fo: Ny @ Ny — My & M, is never ¥ irreducible. We can decompose it in

the following rather trivial way.

N, & N, f1©f2 M, ® M,

m%’%

Ny @ M,
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Neither 1y, @ f2 nor f; & 1y, is a split injection or surjection. However, neither
of these maps is in it’s radical, since each has a summand which is an isomorphism.
The following proposition relates weak > irreducibility under decomposition. I think

the converse is true, but a proof is elusive.

Proposition 2.8.4. Let N,M € mod R. If the homomorphism f : N — M is weakly
Y arreducible then for every decomposition N = X &Y, either f}X or fly is weakly

Y irreducible.

Proof. We pick a decomposition N = X @Y, f = fx & fy. We'll show the contrapos-
itive. (=): Assume fx and fy are not weakly 3 irreducible. Then o(fx),o(fy) > 1.
Soo(f) =o(fx+ fy) = min{o(fx),o(fy)} > 1. So [ is not weakly X-irreducible. [J

Proposition 2.8.5. Let M € modR, N € 33, and N = ®F_|N; a decomposition into
indecomposables. Let f € Hom(N, M) and decompose f = @ f;, where f; : N; — M.
If f is X irreducible, then f; is 3 iwrreducible for every 1 <1 < k.

Proof. Assume f is ¥ irreducible, so that f € rad(N, M). Since rad decomposes over
sums, each f; € rad(N;, M). Now pick a specific 1 <i <k, X € ¥ and commutative

diagram
X (2.8.3)

fi

N; M

Define
X = NN®--ON_ 1 DXDN1- - BNy €D

o = 1N1@"'@1Ni,1@U@lNiﬂ"‘@lNk

T = 1O Bfi1®TD i1 BDfrED
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This gives us a commutative diagram

/X/\

f

(2.8.4)

N M

Now by the ¥ irreducibility of f, either

(a) 7' is a split surjection. In this case, since none of the f; is split, 7 must be
split. Or

(b) ¢’ is a split injection. In this case, each component of ¢’ is a split injection.
Specifically o is a split injection.

So for every commutative diagram 2.8.3, either ¢ is split injection or 7 is a split

surjection. Hence f; is X irreducible for every 1 < i < k. O

Example. The converse to Proposition 2.8.5 is false. As another example, take N, M
indecomposable, and assume f is a X irreducible morphism. Define o : N & N — N

to be the map o(a,b) = a+b. Then the diagram below commutes.

N (2.8.5)
e \M

NO®N 7Y

Then f @ f is not X iwrreducible, since f is not a split epi and o is not a split monic.

Howewver, each component of f @ f is X irreducible.

Proposition 2.8.6. Let f € (X,Y). Then the following are equivalent.
(a) f is weakly 3 irreducible
(b) os(f) =1
Further, if either X or Y is indecomposable, the following is equivalent to the

above two.

(c) [ is ¥ irreducible.

Proof. Again, the proof is purely by definition. n
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Lemma 2.8.7. Let M € mod R, N € ¥. Assume either
(a) M is indecomposable or
(b) M has no summand in 3.

Then any map in Hom (N, M) which is not a split surjection is in rad(N, M).

Proof. If M is indecomposable, then rad(N, M) is all maps which are not split sur-
jections.
If M has no summand in 3, then there are no split surjections, and rad(N, M) =

Hom(N, M). 0

Roughly, when we talk about a map of A-modules f : P — X, where P is
projective, we say f is a projective cover if P is the “smallest” projective which

surjects onto X. This notion of “smallest” is quantified in the definition below.

Definition 2.8.8. Let f : N — M be a morphism of R-modules over some ring
R. We say f is right minimal if for every A € End(N) such that fA = f, A is an

isomorphism.

The following proposition was proved in [ARS97] for Artin rings. The proof for

Krull-Schmidt rings is the same.

Proposition 2.8.9. Let R be a Krull-Schmidt ring, N, M € modR, and f : N — M.
Then there ezists a decomposition N = N' @ N" such that f|n: is right minimal and

flnn=0.

The next proposition is somewhat awkward. We phrase it this way to keep with

[Yos90], who proves essentially Corollary 2.8.13

Proposition 2.8.10. Let R be Krull-Schmidt and N € addL. Let M € modR
be indecomposable or have no summands in . Let f : N — M be right minimal

generator of rad( , M) : 3 — modR. Then f is ¥ irreducible.
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Proof. Consider the commutative diagram

f

N

X

N M (2.8.6)

Here X € 3. Assume 7 is not a split surjection. Then 7 € rad(X, M), by Lemma
2.8.7 so there exists h : X — N such that 7 = fh. But then f = 70 = fho. So
by the minimality of f, ho is an isomorphism. Specifically, this means ¢ maps N

isomorphically onto a summand of X. So ¢ is a split injection. Il

The reason we have to assume M is indecomposable or M has no summands in X
is again because Y irreducibility doesn’t behave well with respect to sums. The right

notion to use here is weak > irreducibility. We do this below.

Corollary 2.8.11. Let M € mod R, and let g : N — M be a generator of rad( , M).
Then f is weakly X irreducible.

Proof. Let f: K — M be the minimal rad approximation of M. Pick X € ¥ and a
commutative diagram

Ny

. M (2.8.7)
X
and assume that 7 € rad(X, M). We only need show that o is partially split. By

Proposition 2.8.9, there are decompositions Ny = X @ N and g = f @ 0| v+ Diagram

2.8.7 then gives another commutative diagram

Ny ! M (2.8.8)

But by Proposition 2.8.10, 0|Nf is a split injection. Hence o is partially split. O
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Proposition 2.8.12. Let M € mod R, and assume f : N — M generates rad( , M)
on X. Let g € rad(K, M) be a Y-irreducible morphism, with K € ¥. Then there

exists a split injection h such that the following diagram commutes.

K> M (2.8.9)

VA

N
Proof. Since g € rad(K, M), there exists an h : K — N such that 2.8.9 commutes.
But g is irreducible, and f € rad(NN, M) is not a split surjection, so h must be a split

injection. O

Corollary 2.8.13. [Y0s90] Let 0 - K — M — N — 0 be an almost-split sequence.
Specifically, K and N are irreducible. Assume X € MCM(R).
(1) If f : X — N is an irreducible morphism in the sense of Definition 2.8.1, then

there 1s a split injection h : X — M such that the diagram commutes.

N

0 K N M 0

(2) If g : K — X is irreducible (Def. 2.8.1), then there is a split surjection

h: N — X such that the diagram commutes.

The proof of 2.8.13 (2) is dual to the proof of (1). The reader is referred to [Yos90].
So the ¥ irreducible morphisms from ¥ to M come directly from the generators
of rad( ,M) on ¥X. Proposition 2.8.12 says that the two sets of information are
equivalent. Further, if ¥ = add L and A = End(L), we know we can build projective
resolutions of rad(L, M) by finding a generator g of rad( ,M). Knowing the X

irreducible morphisms then gives us information about projective resolutions over A.



41

2.9 Nakayama’s Lemma & A Krull Intersection Theorem

Here we prove a Nakayama’s Lemma for KS categories and then a Krull-Intersection

Theorem.

Theorem 2.9.1 (Nakayama’s Lemma). Let A be a ring with Jacobson radical J.
Then for every right A-module M, if MJ = M, then M = 0.

Definition 2.9.2. Let F' C Hom( , M) be a ¥-module. For X € X, we define the

following:
F(X)rad(Y,X) ={fg € Hom(Y, M)|f € F(X),g € rad(Y, X)}

Theorem 2.9.3 (Nakayama for Categories). Let R be a Krull-Schmidt ring. Let
L € modR and ¥ = add L. Let FF C Hom( , M) be a X-module, with M € mod R.
Assume for every X € ¥ that F(X)rad(X,X) = F(X). Then F = 0.

Proof. Pick an indecomposable X € ¥, and set B = End(X). Now X is a finite
module over the Krull-Schmidt ring R, so B is local. Say J is the maximal ideal of
B. By Corollary 2.1.7, J = rad(X, X).

By assumption, F(X)rad(X,X) = F(X)J = F(X). The classical Nakayama’s
Lemma says that F'(X) = 0. We've shown that F'(X) = 0 for any indecomposable
X € X, hence F' is uniformly 0 on X. m

The condition that R is Krull-Schmidt is used only in defining the functor rad in
the above definition. Noting that F'(X) is a right End(X) module, we can rephrase

the theorem as follows:

Corollary 2.9.4. Let R be a Krull-Schmidt ring. Let L € modR and ¥ = add L.
Let F C Hom( , M) be a 3-module, with M € mod R. Assume for every X € ¥ that
F(X)J = F(X), where J =rad End(X). Then F = 0.
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Definition 2.9.5. Let R be Krull-Schmidt, X,Y € mod R. We define the bifunctor
rad™(X,Y) by

rad®(X,Y) = (| rad®(X,Y)

k=1
Where the intersection is taken in Hom(X,Y') and the morphisms are given by the

usual composition.

Theorem 2.9.6 (Krull Intersection Theorem). Let R be a Krull-Schmidt ring. Let
add L =3 C mod R. Then for every X, Y € ¥, radyy (X,Y) = 0.

Proof. The proof proceeds in a similar fashion to the classical Krull Intersection The-
orem. Pick an X € X. We can see that radyy (X, Y) radg(X, X) = radS (X, Y). So

by Nakayama’s Lemma, the functor radsy( ,Y") is the zero functor on X. O

2.10 AR Quivers
A quiver is a directed graph.

Definition 2.10.1. Let R be a Krull-Schmidt ring over an algebraically closed field.
We define the Auslander-Reiten quiver, or just AR quiver, of R as follows. Each
vertex corresponds to an isomorphism class of indecomposable maximal
Cohen-Macaulay modules. For any indecomposables M, N € MCM/(R), define
Irr(M,N) = radyem(M, N)/radyem(M, N) to be the vector space of MCM(R)
irreducible morphisms from M to N. The number of arrows from the vertex for M to
the vertex for N is dimyIrr(M, N). In addition, if there is an almost-split sequence
0— K — N — M — 0, we draw a dotted line between the vertices corresponding to

K and M.

The dotted lines on the AR quiver are not useful for the purposes of this paper.

For neatness’s sake, we will omit them when we draw AR quivers.



43

Example. Let R = C[[zy, 22, . .., x,]] with mazimal ideal m. R is reqular, so MCM(R)
1s just the free R-modules. There is only one indecomposable free R-module: R it-
self. So the AR quiver has one verter. We know rad(R, R)/rad*(R, R) = m/m? =
Czy +Cxy + -+ - + Cx,,. So dimc Irr(R, R) = n. The AR quiver is:

RO)n
Where the n means there are n arrows.

Knowing the AR quiver of a ring R is equivalent to knowing all of the MCM(R)
irreducible morphisms (up to adding an element of rad?). If we know the irreducible
morphisms, we know the almost-split sequences. The converse does not hold, though:
If we know the almost-split sequences, we may not have complete information about
the AR quiver. There is no almost-split sequence ending at R. If R is Gorenstein, there
is not almost-split sequence beginning at R. We can still find irreducible morphisms
from R to another Cohen-Macaulay module M and from M to R, but it will be
impossible to find any irreducibles from R to itself using the almost-split sequences.
For instance, our example above has no almost-split sequences, but the AR quiver
has some arrows.

One can talk about the representations of a quiver. Quiver representations are
objects of great interest in algebra, and they are a useful tool. However, I would like
to focus on a slightly different idea - moving around on the quiver as a directed graph.

Let M, N € MCM(R). Any irreducible morphism g; : M — N can be completed
to a set of irreducible morphisms {¢1, ..., g,} such that Irr(M, N) = kg, + - - - + kg,,.
We can then label the arrows from M to N with the g;’s. The map ¢; then corresponds
to a path from M to N on the quiver. Given another irreducible morphism h: N — X
with X indecomposable, we could talk about composing h and g; to get a path from

M to X on the quiver.

Definition 2.10.2. Let R be a Krull-Schmidt ring. Let X, Y € MCM(R). A map
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f:X — Yiscalled a path if f = fi 0 fyo---0 f;, where each f; : Z; — Z;_; is
MCM(R) irreducible and each Z; € MCM(R) is indecomposable.

The set of irreducible morphisms to M generates rad( , M) (in the sense of Prop.
2.8.12), which is essentially all the morphisms to M (except the isomorphisms, which
are in some sense trivial.) So we would like to say we can get all nonisomorphisms

from paths on the AR quiver. We can’t say that, but we can get close.

Proposition 2.10.3 (Approximation By Paths). Let R be a Krull-Schmidt ring and
let X, Y € MCM(R) be indecomposable. For every R-module homomorphism f : X —
Y, either f is an isomorphism, or for every j € N there exists f': X — Y

(a) f"is a sum of paths and
(b) onemr)(f — f') >3

Proof. By the Krull Intersection Theorem 2.9.6, for every f : X — Y o(f) is finite.
We prove the proposition by induction on o(f). The base case is o( f) = 1. If o(f) = 1,
then f is MCM(R) irreducible and hence a path.

For the inductive step, assume the result is true for all h : X — Y such that
o(h) <n —1. Assume o(f) = n. Pick a minimal generator g : N — Y of rad( ,Y)
on MCM(R). Then there exists an a : X — N such that the diagram commutes.

;}ix

HY

g

Let {e;} be a complete set of orthogonal idempotents in Endg(N). Set I' C {e;}
to be the subset of idempotents such that e« : X — ime is an isomorphism. Set
Ji = > .er gec. By the minimality of g, each ge is MCM(R) irreducible. Since e« is
an isomorphism, gea is MCM(R) irreducible. So

o(f) = o(f = fi) +o(fi) =o(f = fr) +1
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Hence o(f — f1) < o(f) — 1 =n — 1. By the induction hypothesis, there exists an f,
such that f5 is the sum of paths and o((f — f1) — fa) > 7.

Set f" = fi+ fo. f"is then a sum of paths, and o(f—f') = o(f—(f1+ f2)) > 7. O

Example. Let R = Cl[[z]]. The AR quiver of R has one vertex corresponding to R
and one arrow which corresponds to the map x. Also, m = rad(R,R) = (z). Let
f=x+2*+23+...: R — R be multiplication by the infinite power series map. Then
o(f) = 1, but we can’t write f as a finite sum of paths. We can, however, chop off

the tail: set f' =z + 2% Then f' is the sum of paths x and xox, and o(f — f') = 3.
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Chapter 3

SKEW GROUP RINGS & NONCOMMUTATIVE
RESOLUTIONS

The basic problem is this: Given a space X with a singularity, can we find a
nonsingular space which is “close” to X.

For algebraic geometers, this question is phrased in terms of varieties (or schemes)
and birationality. Given a singular variety X with singular locus V, can we find a
nonsingular projective variety Y and a morphism f : Y — X such that f is a bijection
off of V' and which satisfies certain algebraic properties. The variety Y is called a
resolution of singularities.

This is a well-studied question. For example, Hironaka proved that resolutions
always exist in characteristic 0. [Hir64] A question one might ask is: Is there a good
notion of a noncommutative resolution of singularities?

If X = SpecR is a singular variety, we would want some kind of noncommutative
space Y and a map f : Y — X that is “nice” in some way. Or, taking the algebraic

standpoint, we could use the following definition:

Definition 3.0.4 (Incomplete Definition). Let R be a singular commutative noethe-
rian ring. A noncommutative resolution of singularities is a module finite
R-algebra A with morphism i : R — A such that:

1. The ring A is regular, i.e. gldim(A) < co.

2. For every prime p € SpecR which is not in the singular locus of R, ¢ gives a
Morita equivalence between A, = A ®r R, and R,. This is a replacement for the

notion of birationality - when noncommutative algebraists want to talk about the
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equivalence of two noncommutative spaces, they often talk about Morita equivalence.
3. 77 Perhaps an analogue of i being projective or proper would be appropriate

here.

There are other interesting approaches to this subject (see [LB]), which the author

wishes he knew more about.

3.1 Skew Group Rings

Skew group rings were possibly the first instance of noncommutative resolutions.
Assume a finite group G acts on C?, and that the action is free away from the

origin. We then get a (possibly singular) quotient variety X = C?/G. The coordinate

ring of X is the ring of invariants R = C|[x,y]“. This is one of the most well-studied

families of varieties.

Proposition 3.1.1. [Aus86b] Let R be a noetherian, complete local, integrally closed,
2-dimensional C-algebra with a finite number of indecomposable reflexive modules.

Then R is a quotient of C[[z,y]] by a finite group.

Definition 3.1.2. Let S be a ring with an action by a group G. We define the skew
group ring S * G as follows. Elements of S % G are finite sums of the form ) s,g,
where s, € S and g € (. Addition is given as a vector space on the elements of G.

Multiplication is given by the following:
sg-rh =srigh
The results in this section have been borrowed liberally from [Aus86b] and [Yos90].

Proposition 3.1.3. Let S = C|[[x, y]] with G and R = S as above. Then there is an
equivalence of abelian categories: add S — MCM(R). Specifically, there is one inde-

composable mazximal Cohen-Macaulay R-module for every irreducible representation

of G.
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Proposition 3.1.4. The ring S * G is isomorphic to Endg(.5).

Proposition 3.1.5. The functor Hom(S, ) maps the almost split sequences of R to

projective resolutions of the simple S x G-modules.

Theorem 3.1.6. The ring S * G is a reqular ring of global dimension 2 which is

Monrita equivalent to R everywhere but the singular locus.

This is good. We have a very nice description of a regular ring whose center is
R, and which is Morita equivalent away from the origin. Indeed, this is historically
the starting point when looking for any noncommutative resolution. If a definition of
“nice” resolution exists, this example should satisfy that definition.

In higher dimensions the result does not hold. Somehow the almost split sequences

give us projective resolutions which are TOO short. See Theorem 3.5.3.

3.2 Crepant Resolutions

There are, of course, many types of commutative resolutions of singularities. A
crepant resolution is a particularly nice type of resolution, wherein the pullback of
the canonical sheaf on X is the canonical sheaf on Y. In [vdB04], van den Bergh

suggested the following definition for a noncommutative crepant resolution.

Definition 3.2.1. A noncommutative crepant resolution of a Gorenstein ring R is
an R-algebra of the form A = End(L), where:

(a) L is a reflexive R-module

(b) A is maximal Cohen-Macaulay over R, and

(c) For every p € Spec R, gldimA, = Kdim R,,.

The last two conditions are called homological homogeneity. Tt is shown in [BH84]
that, if R is equidimensional, homological homogeneity is equivalent to having all of

the simple A-modules be the same dimension. Van den Bergh proves the following:
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Proposition 3.2.2. [vdB04] Let R be a Gorenstein ring and A = Endg(L) for a
reflezive R-module L. If gldim A < oo and A is mazximal Cohen-Macaulay over
R, then A is homologically homogeneous, and hence is a noncommutative crepant

resolution.

In Chapter 6, we show that this is false if R is not Gorenstein. Specifically, we
exhibit a non-Gorenstein ring R and an A which is Cohen-Macaulay and regular
whose simple modules have projective dimensions 3 and 4. We also show that this
non-Gorenstein ring has no noncommutative crepant resolutions for which L is Cohen-
Macaulay.

Even in the commutative world, crepancy is a rather strong condition for reso-
lutions, and not every singularity has a commutative crepant resolution. In light of
Chapter 6, it is unreasonable to assume that all rings have noncommutative crepant
resolutions. The question, still remains: What would be a good, slightly weaker,

definition of noncommutative resolution?

3.3 Endomorphism Rings of Cohen-Macaulay Modules

There is a story of a man who came upon a drunkard late at night. The drunkard
was walking around in a small circle underneath a streetlight, looking for something.
The drunkard commented that he had lost his keys. The man said, “Why do you
keep looking in the same small circle? Maybe you lost your keys somewhere else.” To
which the drunkard replied, “Maybe, but at least I can see under the streetlight.”
Similarly, there may be many different kinds of R-algebras which are good non-
commutative resolutions. However, we will try to find resolutions where we can “see”
what will happen, in other words, we like to look at endomorphism rings of Cohen-
Macaulay modules. Part of our motivation comes from Section 3.1 and the fact that
over 2-dimensional quotient singularities, the endomorphism ring of the direct sum of

all the MCMs is the resolution. The following two theorems demonstrate this further.
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Theorem 3.3.1. Let R be a ring. Then M,(R) is Morita equivalent to R.

Theorem 3.3.1 is essentially Corollary 2.5.8. The following is a corollary of the

Auslander-Buchsbaum Theorem.

Theorem 3.3.2. Let R be a commutative noetherian ring and M a Cohen-Macaulay

R-module. Then for every p € Spec R such that R, is reqular, M, is a free R, module.

Corollary 3.3.3. Let R be a commutative noetherian ring, L € MCM(R), and
A = Endg(L). The ring A is Morita equivalent to R off of the singular locus of R.

Proof. Let p be regular point of Spec R. By Theorem 3.3.2, L, = R} for some n.
Localization commutes with Hom, so A, = Endg,(L,) = Endg,(R}) = M,(R,).

Theorem 3.3.1 says that A, is Morita equivalent to R,. [

So for endomorphism rings, Cohen-Macaulayness of L, which is an abstract homo-
logical condition, implies End(L) is Morita equivalent at regular points. The converse
to this is very false. For example, take R = k[z,y] and L = (x,y). The module L is
not Cohen-Macaulay, but End(L) = R, which most certainly is a free R-module.

Theorem 3.3.4. Let R be a commutative noetherian local ring. Any non-projective
Cohen-Macaulay module has infinite projective dimension.
Specifically, R is reqular if and only if every Cohen-Macaulay R-module is projec-

tive.

Proof. If M is a Cohen-Macaulay module with finite projective dimension, Auslander-
Buchsbaum ensures that pdim M = depth(M) — Kdim(R) = 0. So M is projective.
Hence a non-projective has infinite projective dimension.

The second statement follows directly from the first. O]

This is another good reason to look at the Cohen-Macaulay modules - they hang

around singularities.
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Another good reason to look at endomorphism ring of Cohen-Macaulay modules
is that we have a lot machinery for dealing with them. MCM(R) is a well-studied
category. Chapter 2 has a number of results, for instance.

In Proposition 6.3.5, we find an L which is not Cohen-Macaulay but whose endo-
morphism ring is a “best candidate” for a noncommutative resolution. It is interesting
to note that, in this case, End(L) is still isomorphic to the endomorphism ring of a
Cohen-Macaulay module. It is shown in [vdB04] that, in certain cases, L can always

be chosen to be Cohen-Macaulay.

3.4 Some Tools

One may ask whether a given endomorphism ring A = End(L) (L € mod R, R
commutative noetherian local) is a noncommutative resolution. Regardless of what
that question actually means, we would like to know a few things

1. For what L is A regular?

2. For what L is A Cohen-Macaulay?

In this section we list a few tools for dealing with these questions.

One of the most useful ideas is the categorical equivalence between add L and
P(A). Using that equivalence, we can take *special® complexes of R-modules and

turn them into projective resolution in mod A. First: a very important theorem.

Theorem 3.4.1. [Rai87] Let A be a noetherian ring which is finite over its center.
Then the global dimension of A is the supremum of the projective dimension of the

simple A-modules.

Over Krull-Schmidt rings, A has only a finite number of simple A-modules which
are in bijection with the summands of L. To show A is regular, we need only find
the projective dimensions of the simple A-modules. The simple modules of a non-
commutative ring can be thought of as the closed points of the corresponding non-

commutative space. The next theorem, which is again Corollary 2.5.8 shows that we
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need only assume L has one summand of each isomorphism class of indecomposable
module in add L. For example, instead of End(M{ & M3), we can deal solely with
EIld(Ml D Mg)

Theorem 3.4.2. Let R be a ring, M, N € modR. Assume M € add N and N €
add M. Then End(M) is Morita equivalent to End(N).

Proof. Since M € add N, add M C add N. Similarly, add N C add M, so the two cat-
egories are equal. Hence mod add N = mod add M. We have the string of categorical

equivalences.
mod End(M) = mod add M = mod add N = mod End(N)

Where the first and last equivalences are given by Theorem 2.5.6. Il

Osamu Iyama proved the following remarkable result, which characterizes endo-
morphism rings which are Cohen-Macaulay over R [Iya05]. It would be interesting to
know if the result can be extended over commutative Krull-Schmidt Cohen-Macaulay

rings.

Theorem 3.4.3. Let R be a commutative complete local Cohen-Macaulay ring which
is an isolated singularity. For X,Y € MCM(R), Hom(X,Y') is a Cohen-Macaulay
R-module if and only if Ext'(X,Y) =0 for 0 <i <n —2.

3.5 Two Extremes

Let R be a commutative Cohen-Macaulay noetherian Krull-Schmidt ring. There are
two “extremes” when dealing with endomorphism rings A = End(L) of a Cohen-
Macaulay module L. We can set L = R, so that A = End(R). This is kind of
boring, because then A = R. Assuming we had a singularity to start with, the
projective dimension of the unique simple A-module is infinite. We haven’t really

added anything.
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The other extreme is taking L to be the direct sum of all the indecomposable
maximal Cohen-Macaulay modules. We can completely describe the projective di-
mensions of the simple modules of such an A. For rings with greater than projective

dimension 2, we’ll see that we have included too many modules.

Theorem 3.5.1. [Leu/ Let R be a d-dimensional Cohen-Macaulay noetherian local
ring of finite CM type. Let L be a direct sum of all Cohen-Macaulay modules (i.e.
add L = MCM(R)). Then A =Endg(L) has global dimension at most max{2,d}.

The next theorem was pointed out by Osamu Iyama. It is a Corollary of [Ram69|

Proposition 5.6.

Theorem 3.5.2. Let R be a commutative noetherian local ring of Krull dimension d,

and let A be a torsion-free R-algebra of finite global dimension. Then gldim A > d.

Leuschke, Iyama, and myself combined these ideas to make the following interest-

ing result.

Theorem 3.5.3. Let R be a noetherian Krull-Schmidt Cohen-Macaulay ring of di-
mension d > 2 which admits almost split sequences (e.g. R is of finite CM type). Let
L be a direct sum of all indecomposable Cohen-Macaulay modules. Then for every
simple module S except the simple associated to R, pdim, S = 2. The simple module

associated to R has projective dimension d.

Proof. For d = 2, this is a classical result. Assume d > 2.

Assume S = S(L, M), for M € MCM (R) indecomposable. Let
t: 0= K—-N—-M-=—>0

be the almost split sequence ending in M. Then by Proposition 2.6.5, the associated
sequence

0 — Homg(L, K) — Homg(L, N) — rad, (L, M) — 0
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is exact. And by definition S(L, M) = Hompg(L, M)/ radgr(L, M), so we get the exact

sequence
0 — Hompg(L, K) — Homg(L, N) — Hom, (L, M) — S(L,M) — 0 (3.5.1)

Because ¢t was almost split, K, N € MCM(R) = add L. So every term (except
S(L,M)) in 3.5.1 is projective. Therefore 3.5.1 is an A-projective resolution of
S(L, M), and pdimy S(L, M) = 2.

This argument fails for S(L, R), because there is no almost-split sequence ending
in R. By Theorem 3.5.2, however, we know gldim A > d > 3. Leuschke’s Theorem
3.5.1 forces gldim A < d, so gldimA = d. Now gldim A is the max of the projec-
tive dimensions of the simple A-modules, and all the other simples have projective

dimension 2. This forces pdim, S(L, R) = gldim A = d. O

Over an algebraically closed field, there is a relationship between the projective
dimension of the simple modules and the Cohen-Macaulay condition on A. It’s a

rather neat result, but I don’t know if the converse is true.

Theorem 3.5.4. Let k be an algebraically closed field. Let (R, m) be a commutative
noetherian Krull-Schmidt k = k-algebra of Krull dimension d, with L € modR. If
A = Endg(L) is Cohen-Macaulay, then for every simple A-module S, pdim, S > d.

Proof. Pick a simple A-module. If S has infinite projective dimension, then we’re
done. So assume S has a finite projective resolution 0 — P, — -+ Py — S — 0.
Let’s think of this resolution as an exact sequence of R-modules. By Proposition
2.1.16, dimyS = 1. So, as an R-module, S = R/m. Specifically, depth, S = 0. Each
P, is Cohen-Macaulay, so by the Depth Lemma ([EG85] p. 13), depth P, < k. But
depth P, = d. Hence d < k. We conclude that all A-projective resolutions of S have

length greater than or equal to d, and pdim 4 S > d. O

Corollary 3.5.5. If Kdim R > 2, and L is the direct sum of all the indecomposable
Cohen-Macaulay modules, then Endg(L) is not Cohen-Macaulay.
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This (very useful) theorem tells us that, for rings of dimension greater than 2,
taking the direct sum of all the Cohen-Macaulays is “too much.” We lose the Cohen-
Macaulayness of A.

In order to find the “right” L, we need to balance the desire to either

a) Take too few CM modules as summands of L (and have A non-regular) or

b) Take too many CM modules (and hence lose Cohen-Macaulayness of A)

3.6 The Middle Path

Perhaps we can refine our definition of noncommutative resolution a little. The defi-
nition below is perhaps too strong in that it requires L to be Cohen-Macaulay (so it
is stronger than van den Bergh’s definition), but it has enough structure that we can

work with it. It is “under the streetlight” so to speak.

Definition 3.6.1 (Working Definition). Let R be a commutative noetherian local
ring. A noncommutative resolution of singularities of R is an endomorphism
ring A = Endg(L), where L is a finite Cohen-Macaulay R-module which satisfies the
following;:

1) A is Cohen-Macaulay over R

2) gldim A < o0

If gldim A = gldim R, we say A is a crepant resolution.

Proposition 3.6.2. If R is Gorenstein, any noncommutative resolution is crepant.

Proof. In [vdB04] Lemma 4.2, it is proven that, over a Gorenstein ring with L reflexive,

conditions 1 and 2 imply the homological homogeneity of A = End(L). [

For any definition, the proof should be in the pudding. In this instance “pudding”
means “derived category”. In [vdBO04] it is shown that, in certain cases, noncom-
mutative crepant resolutions are derived equivalent to a corresponding commutative

crepant resolution. For any general definition of noncommutative resolution, it may
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be interesting and useful to explore whether that definition gives an equivalence of

certain derived categories. We talk more about this in Chapter 7.

Proposition 3.6.3. Let R be a ring, L € mod R, and A = Endg(L). If A is regular,

there is an equivalence of derived categories
D®(mod A) = D"(proj(A)) = D"(add L)

Proof. If A is regular, every finite A-module admits a finite projective resolution. So
every bounded complex of finite A-modules is equivalent in D°(mod A) to a bounded
complex of finite projectives. So D’(mod A) = Db(proj(A)). Theorem 2.5.6 gives
an equivalence proj A = add L, which of course induces an equivalence of derived

categories. O

Corollary 3.6.4. We can completely understand the derived categories of the non-
commutative resolutions of R (under our working definition) by understanding the

derived categories of subcategories of MCM(R).

Since each L gives a subcategory add L C MCM(R), the problem of finding the
“right” L, so that A = End(L) is a resolution, would amount to understanding in
great detail the subcategories of MCM (R). The question then becomes: What tools
do we have for understanding the subcategories of M CM (R)?

Osamu Iyama has built a very nice toolbox for understanding the subcategories
of MCM(R), see, for example [Iya05]. We, however, will use two very closely related

tools - one using the AR quiver and one using the almost-split sequences.

3.7 Almost Almost-Split Sequences

Let R be a noetherian commutative Krull-Schmidt ring with an isolated singularity.

Given a nonfree indecomposable M € MCM (R), we can find an almost-split sequence

0K —-N —-M-—0 (3.7.1)
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of modules in MCM (R). This gives an exact sequence
0 — Hom(V, K') — Hom(V, N') — rad(V, M) — 0

for every V.€ MCM(R). What if we wanted an almost-split sequence in a subcat-
egory add L = ¥ C MCM(R) which contained M? Could we find such a sequence
or would this idea fail? With such a sequence we could understand the projective
resolutions of A = End(L).

The almost-split sequence 3.7.1 wouldn’t necessarily work - N won’t always be in
>.. So we have to construct a sequence some other way. Theorem 2.7.13 ensures that

there is some sequence

0O—-K—-N-—->M-—0 (3.7.2)

such that N € add L, and for every V' € add L,
0 — Hom(V, K) — Hom(V, N) — rad(V, M) — 0 (3.7.3)

is exact.

Will K be in add L? Will K be indecomposable? The answer to both of these
questions is, in general, no. The theory of AR sequences depends quite a bit on the
fact that MCM(R) has certain homological properties (for example, closed under
kernels of surjections). An arbitrary choice of subcategory ¥ € MCM(R) won’t
have these properties. But that’s okay - it makes life interesting. Let’s focus on the

construction of 3.7.2.

Definition 3.7.1. Let R be a Krull-Schmidt ring, and > C mod R. A map
f
N———M (3.7.4)

is called a right almost split morphism X if

(a) N € &,

(b) f generatesrad( ,M)on X (i.e. for every X € ¥ and g € rad(X, M), g = fA
for some A : X — N)
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Note that we do not require any minimality condition on f. Nor do we require M
to be indecomposable. The indecomposability requirement is a formality. If f; : Ny —

M and fy : Ny — M, are right almost split, then so is f1 @ fo : Ny ® Ny — My @ Ms.

Proposition 3.7.2. Let R be a Krull-Schmuidt ring, M, L € modR. There exists a

right almost split sequence over add L ending in M.

Proof. The proof is the same as the proof of Theorem 2.7.13. We take a projective
cover g : P — rad(L, M) of A-modules, which exists because A is semiperfect. Drop

this down to a map f of R-modules via the Yoneda Lemma, and set K = ker f. [J

The next proposition, while rather technical, gives us a tool to combine almost

split sequences to make new sequences.

Proposition 3.7.3. Let R be Krull-Schmidt, with categories add L’ C add L C
mod R. Let

«

g <00>

0 X YO IL—W

0 v—>I sy—2 -y

be exact sequences of modules in add L. Further, assume
(a) X € add L'
(b) X generates Hom( ,Y) on ¥’
Then there ezists an a: X — V such that

T «

0 p @A0>
0——=XoU-—>VoZ—W (3.7.5)

15 exact.

Further, if (p a’) 15 Tight almost split, then 3.7.5 induces the exact sequence;

0 — Hom(L',U & X) — Hom(L',V & Z) — rad(L', W) — 0 (3.7.6)
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Proof. Using the fact that \ generates Hom( ,Y’) on add L', we see there is a & :
X — V such that o = Aa. This gives complex 3.7.5. The fact that 3.7.5 is exact is a
diagram chase.

To show we that we have 3.7.6, we first note that Hom(L’, ) is left exact. So the
only exactness we need show is the surjectivity of the map (p/\ o‘> : Hom(L,V &
Z) — rad(L', ). But this map can be written as the composition

A0
o)
Hom(L,V ® Z) ——=Hom(L",Y & Z) ——>rad(L', W) (3.7.7)
Both maps are surjective, so the composition is also surjective. Il

Example. Let R be a Krull-Schmidt ring with indecomposable Cohen-Macaulay mod-
ules {R, U W, XY, Z}. Set L such that addL = MCM(R), L' = Z@ W & X, and
A" = End(L'), so that addL = MCM(R). Assume V € add L' and that we have

almost split sequences

0O—X—YOZ—W—0

0 U V Y 0
We can’t use the almost-split sequence ending in W as the beginning of a projective
resolution of the A" module rad(L', W), because Y ¢ add L'. But we can combine the

sequences via Proposition 3.7.3 to get
0—UX—VoeZ—W-—0
and
0—Hom(L',U ® X) —Hom(L,V & Z) ——=rad(L',W) —=0

NowV & Z € add L', so this is the beginning of a projective resolution of rad(L’, W)

over A'.
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3.8 Projective Resolutions of Simple Modules

The notion splicing of almost-split sequences is essentially the same idea as compos-
ing arrows in the AR quiver, ala Section 2.10 to get irreducible morphisms. If we
decompose the map V & Z — W in the example above, we get the add L'-irreducible

morphisms to W.

Definition 3.8.1. For a given L € MCM(R), define the modified AR quiver by

circling all vertices in add L.

Let us say that we would like to find a projective resolution of the simple module
S(L,M). Take all paths f, : N, — M on the AR quiver from a circled vertex to M
which do not pass through another circled vertex. Using the method of approximation
by paths, we should expect that { f,} contains a finite subset { f1, fa, ..., fn} such that
f=@&", fi: ®N; — M is a minimal left generator for rad( , M). We can calculate
(with perhaps some technical difficulty) K = ker f. Set N = @N;.

Regardless of whether we use the paths on the AR quiver or Proposition 3.7.3, we

now have a short exact sequence

such that the induced sequence
0 — Homg(L, K) — Homg(L, N) ——rad(L, M) —=0
is exact. We can combine this with the short exact sequence
0 ——rad(L, M) —= Homg(L, M) —— S(L, M) —=0
to get the exact sequence

0 Hompg (L, K) — Hom(L, N) — Homg(L, M) — S(L, M) —=0
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Now Hompg (L, N) and Hompg(L, M) are projective A-modules, so we have the begin-
ning of a projective resolution of S(L,M). If we were careful about how we got f,
this is the beginning of a minimal projective resolution.

K is not necessarily in add L. We can decompose K = K'@&K |, where K’ € add L
and K 1 has no summands in add L. Effectively, we've factored the projective and
nonprojective parts of Homg(L, K). We need only resolve Hompg(L, K 1). Well,
Hompg(L, K 1) =radg(L, K 1), since K | has no summands in add L. But, if we're
lucky (i.e. if R € add L and R is not a summand of M), K L will be in MCM(R),
and we can find a generator for rad( , K L) on ¥ just like we found the generator

of rad( , M) on ¥. We can repeat this process until we get a projective resolution

of S(L, M).
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Chapter 4

THE N VERONESE

In this chapter, we look at the ring

This is the completion of the coordinate ring of a quotient variety C?/Z,. Where

the Z, =< g > action on C? is given by

for some nth root of unity A. Specifically, S™ is the ring of invariants of C[x, y] under

the given Z,, action.

This is a fairly well-studied ring. The indecomposable Cohen-Macaulay modules
are {M;}"=, where M; C C[[x,y]] is generated as a vector space by the monomials f
such that gf = A\'f. For example, My = R, M; = Rx + Ry, M, = Rx* + Rxy + Ry>.

The endomorphism ring Endg(R @& M; @ --- @ M,_1) gives a noncommutative
crepant resolution of R. (See Section 3.1.) It is interesting in this simple case to
examine what happens when we take the direct sum of different Cohen-Macaulay
modules. For a given L € MCM(R) and A = End(L), we will give a rather easy
algorithm to find the projective dimension of the simple A-modules, and hence find

the global dimension of A. The key here is the AR quiver.
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N R:iMl\M
| I

Each pair of arrows represents the vector space Cx + Cy. For example, the irre-
ducible morphisms from M; = Rz + Ry to My = Ra? + Rxy + Ry? are generated over

C by multiplication by x and y. The almost split sequences are

-y
o)
0—— M, R? M, 0 (4.0.1)
-y
) L)
0 R M? M, 0
-y
o)
0 M, M3 M; 0

-y

)

00— Mn73 - Mq%—Q — M, 1 —0

These can be read off the AR quiver. As expected, there is no AR sequence ending
in R. However, we can understand the irreducible morphisms to R and from the

canonical module M,,_5 (which is injective in M CM(R)) by looking at the AR quiver.
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We see that there is an exact sequence

—y
o) ()
00— M, o—>M? | m 0

We will give an algorithm for classifying the endomorphism rings A of Cohen-
Macaulay R modules by the projective dimensions of the simple A-modules. To do
this, we

(1) Determine the Morita equivalence classes of A’s

(2) Give an algorithm for finding projective resolutions of the simple modules in

each equivalence class.

4.1 DMorita Classes of Endomorphism Rings

Corollary 2.5.8, listed below for convenience, says that we need only assume that L
has no more than one summand of each isomorphism class. Since there are a finite
number of indecomposable Cohen-Macaulay modules, we are reduced to looking at a

finite number of A’s.

Corollary 4.1.1. Let R be a ring, with L, L' € mod R such that L is a summand
of L'* for some k and L' is a summand of L™ for some m. Then End(L) is Morita

equivalent to End(L').

Even for n = 5, S® has 5 indecomposable Cohen-Macaulay modules, and there-
fore 2° = 32 possible L’s. That’s a lot of case-by-cases to check. Our example has a

lot of symmetry - let’s exploit that to reduce our caseload.

Proposition 4.1.2. There ezists an isomorphism of R modules, Homp(M;, M;) =

M,_;. Specifically, Hompg(M;, M;) = R. The isomorphism is given by multiplication.

Proof. Define the homomorphism ® : M;_; — Hompg(M;, M,) as the restriction of the

multiplication map on M; C C[[z,y]]. It’s obvious that ® is injective.
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To show @ is surjective, pick f € Hompg(M;, M;). By the R-linearity of f,

y"f(z') = f(y"z") (4.1.1)
= fly'(y"'a") (4.1.2)
= xiyn_if(yi) (4.1.3)

So 2 divides f(a'). Set z = f(2')/2" € M;_; C C[[z,y]]. For m € M;,

[ f(m) — zm] = f(x"m) — z(x"m) (4.1.4)
= ma"'[f(2") — 22'] (4.1.5)
=ma""'[0] =0 (4.1.6)

But wait! Each M; is a torsion-free module. So f(m) — zm must be zero for every

m € M;. Hence f is multiplication by z, and & is surjective. Il

Lemma 4.1.3. For any maximal Cohen-Macaulay module M, the functor F =

Hom(M, _) is fully faithful on MCM(R).

Proof. 1t suffices to assume M is indecomposable, say M = M,;. For indecomposable

M;, My € MCM(R),

Hom(FM;, FM) = Hom(Hom(M,;, M;), Hom(M,;, M})) (4.1.7)
= Hom(M;_;, My_;) (4.1.8)

~ M, (4.1.9)

= Hom(M;, My) (4.1.10)

0

One can also write down a proof of Lemma 4.1.3 using the wonderful Yoneda

Lemma.

Proposition 4.1.4. Fiz a mazximal Cohen-Macaulay module L = Ly, @ - - L,,, where
each Ly, is indecomposable. For every indecomposable M € MCM(R), if we set
L' = Hom(M', L), then A =End(L) = End(L') = A" as R-algebras.
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Proof. By Lemma 4.1.3, F' = Hom(M, ) is fully faithful, so A = Hom(L,L) =
Hom(FM,FM)=A'

Corollary 4.1.5. For every L and A as above, A is isomorphic to the endomorphism

ring of a Cohen-Macaulay module where L has R as a summand.

“Shifts” of Cohen-Macaulay modules have endomorphism rings. I mean End(M,®
M,) = End(M,_1, M}y_1) = End(M,_o, M, _5) and so on, where all the indices are
taken mod n. Note that this is also a symmetry of the AR-quiver. If we rotate the

AR quiver of R, we get the exact same quiver.

Example. Assume n = 5. We have 7 L’s which give different Morita classes of
endomorphism rings. (Remember R = M,.)

My

My & M,

My & My

My & My & M,

My ® My & M3

My @® My & My @ My

My ® M, & My Ms D My D M

This is all of them! Any other Cohen-Macaulay module with no repeated summands

will be a “shift” of one of these 7. For example, My ® My = My, o ® Mo 5.

4.2 The Projective Dimension

So we've got a relatively small list of L’s for any given n. Given an L, we now give an
algorithm for finding projective resolutions of the simple modules using the techniques
in Section 2.10.

For a given L, there is one simple module for each indecomposable summand of L.

Fix such a summand M with simple module S(L, M). By the definition of S(L, M),
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we know there exists a short exact sequence
0 — rad(L, M) — Hom(L, M) — S(L,M) — 0 (4.2.1)

The middle term is projective over A, so the problem is reduced to resolving rad (L, M).
We've already built up machinery for resolving rad(L, M), though. Specifically, we
need to look for an L; € addL and a map f; : Ly — M such that f; generates
rad( ,M). But by Proposition 2.8.12, such an f; can be decomposed into the direct
sum of a finite number of Y-irreducible morphisms. Section 2.10 suggests that we
should look at paths on the AR quiver which start at a module in add L and end at
M.

Remember that each vertex in the AR quiver corresponds to an indecomposable
Cohen-Macaulay module. In the following discussion, we will refer to the vertices and
the indecomposable MCMs interchangeably.

Each pair of arrows corresponds to the vector space Cx + Cy. There is a “closest”
vertex in add L with maps to M, call this X;. Le. if we follow the arrows from X; to
M, we get there sooner than if we had started at any other module in add L. Assume
we have to travel ¢ steps to get from X; to M. Then the vector space of paths from
X to M is

(Cx+Cy)' =Ca' +Ca" 'y +--- +Cay" ' + Cy'

Note that there is some redundancy in the paths. For example, multiplying by = and
then y is the same as multiplying by y and then x. So we don’t have a vector space
of 2! Y-irreducible maps, we have at most only 7 + 1.

There may be other paths from vertices in add L to M, however, every such path
passes through X;. Soif Y € add L and f : Y — M is a path, we have a commutative

diagram

SN

Y f




68

The diagonal arrows are not split, so f is not X-irreducible.

Taking linear combinations we have a morphism
h=r®rlye -y X0 X~ M

which generates rad( , M) on X. If M # R, d; will be surjective.
One can show that ker d; = K%', where K is the vertex whose arrows all map into

M. The inclusion map is

-y x 0 0 0 0

0 —y = 0

0o 0 - 0 A A
Y =g K'— X/

0 -y x 0

0O 0 O 0 —y =«

So we have the following sequence.

0— i~ xit Ly

This is exact if M # R, and it induces the following exact sequence
0 — Hom(L, K*) — Hom(L, X{*') — rad(L, M) — 0

which we can splice with 4.2.1 to get

0 — Hom(L, K*) — Hom(L, X\™) Hom(L, M) —= S(L, M) —=0
\ //
rad(L, M)

(4.2.2)

If K € add L, then Hom(L, K*) is a projective A-module, so 4.2.2 is a projective
resolution of S. If K ¢ add L, then Hom(L, K*) = rad(L, K) = rad(L, K)". So we
can repeat this process to find a generator fy of rad( , K) on ¥. We take the kernel

of f5, see if it’s in add L. If so, we’re done. If not, repeat.
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We will either get an infinite resolution or some ker f; will be in add L. Note that
the process will terminate (and hence pdim S(L, M) will be finite) if and only if two
neighboring vertices on the AR quiver are in add L. This is a condition on add L

which has nothing to do with the specific simple module we choose.

Proposition 4.2.1. Let R = S™ L € MCM(R), and A = End(L). A has infinite
global dimension if and only if L has summands isomorphic to M; and M, for some

1, where the indices are taken modn.
Additionally, if A has infinite global dimension, all of it’s simple modules have

infinite global dimension.

Abstracting the general principles here can get kind of heavy. Perhaps the ideas

are best illustrated with an example.
Example. Letn = 5. Then R = S®) has 5 indecomposable Cohen-Macaulay modules.

R = My =Cl[[2®, 2%y, z%?, %%, ay*, o]
M, =Rx + Ry
M, =Rx* + Rry + Ry?
Ms =Rx® + Rx*y + Rry* + Ry?

My =Ra2* + Rzy + Rx*y* + Ray® + Ry

At the end of Section 4.1 we listed the 7 possibilities for L up to Morita equivalence.
Let’s pick L = Mo @® My @& M3. Then A is isomorphic to the matrixz algebra

R My M,
A2 | M, R M (4.2.3)
Ms My, R

The indecomposable projective A-modules (with their image under the isomorphism
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from 4.2.3 are

Py = Hom(L,R)%’(R M, Mg)
P o= Hom(L,Ml)%(Ml R M3>

Py = Hom(L, Ms) = <M3 M, R)

We can draw the modified AR quiver (the AR quiver with My, My, and M circled).

. \ / M
Let’s resolve Sy := S(L, R). We know we have a short exact sequence
0 — rad(L, R) — Hom(L,R) — S(L,R) — 0 (4.2.4)

Looking at the paths on the modified AR quiver from circled vertices to R, we see there

15 also an exact sequence

x
-y x 0 Ty
0 -y z y?
0 M3 M3 R (4.2.5)
which induces the exact sequence
0 — Hom(L, M3) — Hom(L, M3) —rad(L, R) —=0 (4.2.6)
0 —rad(L, My)? P} rad(L, R) —

The middle term is projective. The left term is not, so we need to resolve it. We see

there are two ways to get from My to My on the AR-quiver, so we get the almost-split
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sequence

S

0 R M? M, 0 (4.2.7)

Taking a direct sum of two copies of 4.2.7 and hitting it with Hom(L, ), we get:
0 — Hom(L, R)> — Hom(L, M;)* —rad(L, M3)? —=0 (4.2.8)

Both Hom(L, R) and Hom(L, M,) are projective. Combining 4.2.4, 4.2.6, and 4.2.8,

we get a projective resolution of Sy.

So pdim 4 Sy = 3.
In a similar fashion, we can find projective resolutions of S = S(L,M;) and

Sg - S(L, Mg)

So we know the projective dimension of the simple A = End(R & M; ® Ms) modules:
pdim S(L, R) = 3, pdim S(L, M;) = 2, pdim S(L, M3) = 4.

Proposition 4.2.2. Let R = S™ L € MCM(R), and A = End(L). One can cal-
culate the projective dimension of the simple A-modules as follows. Let S = S(L, M)
be a simple module.

1) Draw the modified AR-quiver of R with respect to L.

2) Start at M on the AR quiver, and go backwards. Each time you pass a circled
vertex, add 1.

3) When you get to two circled vertices in a row (not including your starting point),

stop when you get to the second vertex. If there is no stopping point, pdim S = oo.
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Below, we list, up to n = 5, the different possible L € MCM(R) up to Morita

equivalence, and the projective dimension of the simples of each End(L).

n =
L=R: ©
L=R&®M: 2,2

n=3

L=R: >

L=R®M: 2,3
L=R& M & Ms: 2,2, 2

n=4

L=R: o0

L=R&M: 2,3

L=R® M,: oo, 00
L=R&M & M, 2,23
L=R&M & My® Ms: 2,2,2, 2

n=>

L=R: ©

L=R®M:2,3

L=R® M;y: o0, 00

L=R®M @©M,: 2,2,3
L=R& M, & Ms: 2,3,4
L=R&®&M & MyPd Ms: 2,2, 2,3
L=R®M ®&My®MsDBMy2, 2,2 2 2
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Question(s) 4.2.3. This ring has a lot of nice symmetry, since it is the quotient of C?
by a finite group. Is there a nice combinatorial way to describe the different projective
dimensions purely using the group Z,. Perhaps we could generalize to quotients by

other groups or perhaps to higher dimensions.
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Chapter 5

A CONIFOLD SINGULARITY

Unless otherwise specified R = Clz, y, z, w]/(zy — zw). This is a three dimensional
Cohen-Macaulay domain with an isolated singularity at the origin. There are three
indecomposable Cohen-Macaulay modules: R, I = (z,2) = (y,w), and I* = R +
R(y/z) = (z,w) = (y,z). Both I and I* are R-reflexive, so R is it’s own dualizing

module and hence is Gorenstein. This ring has AR quiver

I* R I

Each pair of arrows going left represents the vector space C-1+C-y/z. Each pair
of arrows going right represents the vector space Cx+Cz. The almost split sequences

of R are

xXr
(=) |-
0 I* R? I 0 (5.0.1)
1
(—y/ z 1) y/z
0 I R? I 0 (5.0.2)

Note that all the morphisms in the almost-split sequences can be seen in the AR-

quiver.
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We have the following four R-algebras

R =End(R) = End(]) = End(I")
R I
A=End(R®I) ~ End(I* & R)
I R
A =End(I & I)
Ay =End(Re [ @ I%)

Up to Morita equivalence, these are the only R-algebras which are endomorphism
rings of Cohen-Macaulay modules. Let’s examine each of these on a case by case
basis.

R: Obviously, taking the endomorphism ring of I or I* by themselves doesn’t add
any structure or give us a regular algebra.

Ay = End(R & I & I*): Theorem 3.5.3 says that A, has global dimension d and
the simple modules associated to R,I,[* have projective dimensions d, 2, and 2,
respectively.

A =End(R& I): A has two simple modules. We can get a projective resolution
of S(L, ) by combining the almost split sequences 5.0.1 and 5.0.2.

0 I I 0

R R
\[ /7

Hitting this with Hom(L, ), and setting Py = Hom(L, I) and Pr = Hom(L, R), we

get the projective resolution.

So pdim S(L,I) = 3.
Resolving S(L, R) is a little trickier. We have 6 linearly independent paths on the
AR-~quiver from vertices in add L to R: four paths (z, z, zy/z = w, y) from R to R, and
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two paths (1,y/z) from I to R. Adding these up, we get a map gr®g; : R*® 1> — R
which generates rad( , R) on add L. However, this gr @ g; is not minimal. Each
of the maps from R* passes through g;. For instance, the map x : R — R can be

decomposed as

7N
R = R
Another way to see this is by looking at the AR quiver. If we start at R go to I* and

then go back to R, we get a map which we can get by going from R to I to R instead.

The minimal generator of rad( , R) on add L is then g; = (1,y/2) : I? — R. Set
K = ker g;. By the Depth Lemma [EG85] K is NOT Cohen-Macaulay. So we can’t
get any information about K from the AR quiver. By direct computation, we see

that

K ={(a b) € R*la +by/z =0}

o1
e
N

(
=R(-y 2) + R(-w ) (
~R?*/(~x 2) (5.0.
<RI (

ot
o
Ot
—~ —  ~— =

So that we have two exact sequences

g1

0 K I?

R

0 I R? K 0

We can hit these with Hom(L, ) and splice them to find a projective resolution

0— P —Pj P} —Pr—S(L,R)—0

~ 7

Hom(L, K)

So pdim S(L, R) = 3. The two simple modules of A both have projective dimension

3. Which means A is a noncommutative crepant resolution of R.
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Ay = End(I & I*): Ay is quite a bit more tricky. By looking at the paths on the

AR quiver, we see the minimal generator of rad( ,I) on add [ & [* is the map

T
1
Yy
o y/z
z
Y2/
w
[4@<[*)3 I

The kernel of this map is a rank 6 module, which probably isn’t Cohen-Macaulay.

Let us leave this example for braver souls.
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Chapter 6

AN INTERESTING NON-GORENSTEIN RING

Examining the two previous examples, one may think that there is a lot of sym-
metry with the AR quivers. For nice examples, such as quotient singularities, that

may be the case. This chapter shows that some rings can get pretty pathological.

6.1 The Basics

The material in Section 6.1 is due to [Yos90].
Throughout £ is an algebraically closed field of characteristic 0. Set
S = k[xy, 29,73, 14], the ring of functions on A?. Pick a number A € k which is

not a root of 1. Define a group action of Z on A* by

M0 0 0

0O X O 0
11—

0 0 X' 0

0 0 0 )t

This induces a Z-action on S. Setting

Si={feSn-f=\"f}

we get a grading on S = @;cz5;.

We can analyze the quotient variety A*/Z by looking at it’s ring of functions

/ 2 2
R :k[%xg,$1$3$4,$1$4,$2$3,5E2$4]

~KIX,Y,Z,UV]|/(XZ -Y*, XV - YUYV — ZU)
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We would like to deal with a Krull-Schmidt ring, so we will work with the comple-

tion R := R’ of R’ at the origin for the rest of the chapter. We reduce to the complete

case without further change in notation.

R has indecomposable Cohen-Macaulay modules:

So = ZBL S = (55193379515174,332)3

S_y=(z3,x)R  S_p = (a3, 2374, 73R

2

L1y Toly —Zox3
M= |—-xix3x, | R+ | —2ox5 | R+ 0 R+
0 0 T173
0 0 L1234
—moxs | R+ | —zozy | R+ | —m2i | RC R?

T1X3T4 xlxi 0

Proposition 6.1.1 ([Yos90]). The ring R is a non-reqular isolated singularity of

dimension 3. It’s canonical module is S_;.
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Proposition 6.1.2. The following are the almost split sequences of R.

Ty
0 ( 0 0 i )
0 5 M S_g 0 (6.1.1)
Ty Ty T 0
—Ty4 —T3 0 T2
T3 0 —T1x3 —T1T4
0 R S, 52, M 0 (6.1.2)
001
011
100 (xz —Zy 553)
0 M S_,® R? S, 0 (6.1.3)
-7
To (.%’2 .%’1)
0 S, R® S, S 0 (6.1.4)

6.2 More Almost Almost-Split Sequences

We use the techniques of Section 3.7 to find a number of exact sequences which we’ll

use to compute Ext groups and projective resolutions.

Example. Pick a category ¥ = addL C MCM(R). Further, assume M ¢ 3.
For every X € MCM(R), the almost split sequences 6.1.1 and 6.1.2 give us exact

sequences.
0— (X, 8)) —= (X, M) — (X, S_3) — S(X,S_) —=0 (6.2.1)
0—(X,R)— (X, & S%,) — (X, M) — S(X, M) —0 (6.2.2)

We can build a new short exact sequence as follows:
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Starting with the diagram

(o

0 S —2 s M Sy >0 (6.2.3)

\
0—=R—>8 ®82, 2> M——>0

We see that a € (S1, M) = rad(Sy, M), so since the second row is almost split, a lifts
to a map & : Sy, — Sy @ S?,. We then get

0—=RaS 2sas, P o5, 9 (6.2.4)

A diagram chase shows that 6.2.4 is ezact.

Using the fact that M ¢ ¥ so S(L, M) = 0, we know from 6.2.1 and 6.2.2 that
(L,6) : (L,S1 ® S%)) — (L,M) and (L,B) : (L,M) — rad(L,S_5) are surjective.
Hitting 6.2.4 with the functor (L, ), we get the exact sequence of A-modules

00— (LaR@ Sl) - (L7 S% ©® Szl) - (L7S—2) HS(‘L? S—Q) —0 (625)

Sequence 6.2.5 is also exact if we replace L with any X € 3.

This says that 6.2.4 has an “almost-splitness” property for categories X such that
Mé¢x.

Note: It can be show that o in 6.2.5 is a split injection - cancelling the Sy’s, we

get
0 R S, S_s 0 (6.2.6)

This construction doesn’t require the two short exact sequences we splice to both
be almost split sequences. If we are a little careful about how we pick the sequences,
this construction works in a bit more generality. For example, we can combine 6.2.6

and the direct sum of two copies of 6.1.3

0— M — (So®R)?— 5%, —0
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to get
0— M -S>, &R — S 45— 0.

Where
0— (L,M?) — (L,S?, ® R*) — (L,S_3) — S(L,S5_3) — 0
is exact for all L such that M,S_ ¢ ¥ = add L.
Thus given an L € MCM(R), we can form new short exact sequences
0— My — My — M3z —0
of R-modules such that
0— (L,M;) — (L, M) — (L, M3) — S(L, M3) — 0 (6.2.7)

is exact as in the example and in Section 3.7. These are listed below, along with the
requirements on the category ¥ = add L for which the induced sequence of A-modules

6.2.7 1s exact.

0 R 52, S_y 0 (M ¢ ) (6.2.8)
0—=M2—> S, O R*—=S 3—>0 (M,S,¢Y) (6.2.9)
0 M R3 S, 0 (S_1 ¢ %) (6.2.10)

0 S, R? Sy 0 (S, ¢Y) (6.2.11)
0—Si—S 6 R—M—0 (S5,5:¢%) (6.2.12)
0 S_g S3, M 0 (S1 ¢ %) (6.2.13)
0—=M2—=S52, 05 OR—=M—0 (S_1¢) (6.2.14)
0— M3—=S2, @R — M —0 (51,51 ¢ %) (6.2.15)
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Question(s) 6.2.1. For every ¥ D R and every indecomposable X € MCM(R),
the Yoneda Lemma says we can get such a sequence, where the right map generates
rad( ,X) on X. However, an interesting question might be whether we can always
get such a sequence through this splicing method. One obstruction might be that if

we perform this process to get

then g is a sum of maps of differing orders over MCM (R). However, f is always a
sum of order 1 maps. That’s a rather special condition and I don’t think it always

happens.

6.3 Which A’s are Cohen-Macaulay?

To explore the question of existence of noncommutative crepant resolutions of R, we
first ask the following question:

For what L € MCM (R) is End(L) Cohen-Macaulay?

Since this is a necessary condition according to our working definition, answering
the question will hopefully get us closer to finding any possible resolution. Remember

this result from [Iya] 3.1.1

Proposition 6.3.1. Let R be a complete local Cohen-Macaulay k-algebra which is an
isolated singularity. Let X, Y € MCM(R), and setn = Kdim(R). Then Hompg(X,Y)
is Cohen-Macaulay if and only if Exty(X,Y) =0 for all0 < i <n — 2.

Since Kdim(R) = 3, A = Endg(L) is Cohen-Macaulay if and only if Ext!(L, L) =
0. We need to calculate Ext!(X,Y) for X, Y € MCM(R). Let’s calculate these - but
first a Lemma from [Yos90] 16.7.

Lemma 6.3.2. Suppose that ht(S,S) > 2. Then the map S,—p — Homg(Sy, Sa) is

an isomorphism.
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Proposition 6.3.3. The following table describes whether Ext!(X,Y) is nonzero. A

“0” means the module is zero, an “X” means that it’s nonzero.

Ext'(l,—) | S| S5 | M| S | R
R 0| 0lololo
Sy 0| X | X|o|o
M 0| X | X|X|X
S, 0| 0| X|X|X
S 0| 0| X|X|o0

Proof. Denote XV = Hompg(X,S_1), the canonical dual. Since v is a duality on
MCM(R), there is a canonical isomorphism Ext'(X,Y) — Ext'(Y"V, XV). Hence the
diagram as constructed is symmetric about it’s diagonal.

Now R is projective, so the first row is all zeroes. By duality, the first column is
also.

By Lemma 6.3.2,

(S1,51) = (S_9,52) =R

Also by Lemma 6.3.2, (S1,R) = (S_1,5 2) = S_; and (S_1,R) = S;. So all their
corresponding Ext!’s are zero.

We know the almost-split sequences are nonsplit. So the Yoneda correspon-
dence gives us that Ext!'(S_5,S1), Ext'(M, R), Ext'(S_y, M), and Ext'(S),S_5) are
nonzero.

We also have the nonsplit short exact sequences 6.2.8-6.2.14 which give nontrivial

elements of the other Ext! groups. Il

Proposition 6.3.4. Let R be as above, with L and A = Endg(L) Cohen-Macaulay
R-modules. Assume L has no repeated summands. If R # A, then
(a) L is isomorphic to S ® R, R® S_1 or S_; ® S_.
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(b) A is isomorphic to the matriz R-algebra

R S,
S R

A=

Proof. (a) By 6.3.1, if M is Cohen-Macaulay, A is Cohen-Macaulay if and only if
Ext'(L,L) = 0. Looking at the chart in 6.3.3, we see that the only such L’s are
SS®R, R®S_; and S_1 & S_s.

(b) The R-modules Sy, R, S_1, and S_5 have the property that ht S5, > 2. So by
Lemma 6.3.2, Hompg(Sp, ) = S,—p. The result follows immediately. O

Up to Morita equivalence, then we have 3 candidates for noncommutative crepant
resolutions of R, whose endomorphism rings are isomorphic as R-algebras. So if one
is a noncommutative crepant resolution, they all are. Note that the three modules
in the proposition are not the only modules we could have chosen to get the ring A.

They are the only Cohen-Macaulay modules we could have chosen.

Proposition 6.3.5. If Lx = Sy ® S, then End(Lx) is isomorphic to the ring A from
Proposition 6.3.4.

We would now like to find the projective dimension of the simple A-modules. We
could do this by looking at the AR quiver and finding all the paths from vertices in
add L to certain representable modules and then computing the kernel. However, it

will be easier to use the almost-split sequences along with 6.2.8-6.2.15.

Proposition 6.3.6. Let R be as above, and let L and A be as in Proposition 6.3./.

The two simple A-modules have projective dimensions 3 and 4.

Proof. The bijection between indecomposable summands of M and simple A-modules
tells us that there are exactly two simple A-modules, up to isomorphism. We will find
the projective dimensions of S(R @ S_1,S5-1) and S(S; @ R, S1). These are simple
modules over isomorphic rings. We will show they have different projective dimensions

and hence are not isomorphic.
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Set L = R& S_y. We will find pdimgS(L,S_1). Using the results from Section

6.2, sequences 6.2.11, 6.1.4 and 6.2.8 give us exact sequences of A-modules

O — (L, Sl) E—— (L, RQ) E—— (L, Sfl) E—— S(L, S,Q) — 0
0 _— (L, S_g) I (L, R () S_l) I (L, 51) I 0

0—— (Lv R) - (L’ Szl) - (L7 5—2) —0

We have omitted S(L,S;) and S(L,S_2). They are zero, because Sy, S_o ¢ add L.
Write Py = (L,R) and Py = (L,S_;). Combining these, we get the projective

resolution

0— Py— P2, Py® P,
N 7 ~ e

(L7S—2) (Lv Sl)

P} —P.1—S(L,5_1)—~0 (6.3.1)

This is a projective resolution of length 4 which can not be truncated, because (L, S_2)
and (L, S1) are not projective. So pdimaS(L,S_1) = 4.

Set L' =51 ® R, A = End(L). We will find a minimal projective resolution for
S(L',S1). Write By = (L', R) and P, = (L', S1). Sequences 6.2.10 and 6.2.12 give us

exact sequences of A-modules

OH(L/,M> Pg’ P1 S(L/,Sl)HO

Combining these, we get the following projective resolution of length 3.

0—=P—P®F P —= P —=S(L,S;) —=0 (6.3.2)

Therefore pdim 4 S(L', S1) = 3. O

Corollary 6.3.7. Assume A = Endg(L) with either L € MCM(R) or R a summand

of L. Then A is not a noncommutative crepant resolution of R.
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Proof. If R is a summand of L, then L = Hompg(R, L) is a summand of Hompg(L, L) =
A. So L is Cohen-Macaulay. So assume L is Cohen-Macaulay.

For A to be a noncommutative crepant resolution, it must

(a) be Cohen-Macaulay, which limits us to the case of Proposition 6.3.4 and

(b) it must have all its simple modules of dimension 3. This rules out all endo-

morphism rings of Cohen-Macaulay modules. [l

Note 6.3.8. The ring A has global dimension equal to the supremum of the projective
dimensions of simple A-modules [Goo89]. Hence gldim(A) = 4 and A is regular. Also,
A is Cohen-Macaulay. This is markedly different from the Gorenstein situation, where
by a result from [vdB04] a Cohen-Macaulay A with finite global dimension is forced
to have global dimension equal to the Krull dimension of R.

If we want any notion of noncommutative resolution over a non-Gorenstein rings,
we will have to weaken van den Bergh’s definition a little to allow other types of
resolutions. The A we are discussing is an example of a noncrepant noncommutative

resolution of R according to our Working Definition 3.6.1.

6.4 Extensions of Simple Modules

In [vdB04], a commutative crepant resolution is manifested as a module space of
certain representations of the noncommutative crepant resolution. Perhaps we can
manifest a smooth blowup as a moduli space of 2-dimensional A-modules. In this
section, we will examine the 2-dimensional A modules. In the next section, we look
at the blowups of R.

It can be shown that any simple A module is one dimensional. Hence any two
dimensional module will have a nontrivial submodule, which will be isomorphic to
a simple module. Hence we can fit any such 2-dimensional module X, into a short
exact sequence 0 — T} — X — Ty — 0, where T} and T3 are simple modules. To

classify the two-dimensional modules, we need to look at Ewxt!(Ty,T1). That is what
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we will do in this section.

Definition 6.4.1. Let A be a ring, with modules X C V. We say X is a superfluous
submodule of V' (or X << V) if for every K C V, X + K =V implies K = V.

Lemma 6.4.2. Let A be a ring. Let X C V be A-modules. Then X <<V if and
only if for every simple module T the map A : Hom4(V,T) — Homu (X, T) is zero.

Proof. Assume X << V. Pick 0 # g € Homu(V,T). Since T is a simple module,
ker g is a maximal submodule of V. Since ker g # V| we know X + ker g # V. Hence,
X C kerg. But then A(g) = g|x = 0.

Now assume there exists a simple module 7" such that A is nonzero. Pick 0 # g €
Hom, (V,T) such that A\(g) = g|x # 0. Set K = ker g, which is a maximal, proper
submodule of V. Since g|x # 0, X ¢ K. By the maximality of K, we then know
X+ K =V. So K is a submodule of V' such that X + K =V and K # V', hence X

is not a superfluous submodule of V. O
Lemma 6.4.2 motivates the following definition.

Definition 6.4.3. Let A be a ring. A projective resolution

02 01 o

Co M 0

Cy 4

is called minimal if Hom(0;, T) = 0 for all i > 0 and for all simple modules 7.

It is left as an exercise to the reader to show a projective resolution is minimal if
and only if each 0; is right minimal in the sense of Definition 2.8.8. This definition is

also equivalent to the resolution not being a direct sum of two nonzero complexes.

Lemma 6.4.4. [Lam01] Let A be a ring. FEvery finitely generated A-module has a
minimal projective resolution if and only if A is semiperfect.
Specifically, any endomorphism ring of a finite module over a Krull-Schmidt ring

has minimal resolutions.
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Lemma 6.4.5. Assume R is a Krull-Schmidt k = k algebra, char k = 0. Also assume
A = End(L) for some L € modR. Let {P;} be a complete family of nonisomorphic

indecomposable projective A-modules with associated simples {T;}. Then
0 ifi#j
1 ifi=y

Proof. We say P; = (L, L;). Start with the exact sequence

dimi(Hom(P;, T;)) =

0 ——rad(L,L;) —= (L,L;) —=T; ——=0
Hitting this with Homa(F;, ), we get

0 — Homy (P, rad(L, L,)) Homy(P;, (L, L)) —Homu(P;, Tj;) —= 0

0 — Homu((L, L;),rad(L, L;)) — Homu((L, L;), (L, L;)) — Homu (P;, T;) — 0

The Yoneda Lemma says the first two terms are naturally isomorphic to radg(L;, L;)

and Hompg(L;, L;), respectively. So we get
0 —rad(L;, Lj) — (L;, Lj) —=Homu (P, T;) —=0
We also have the exact sequence
0 ——rad(L;, L;) — (L;, Lj) —= S(L;, Lj) —=0

Comparing the two sequences, we find that Homy4(F;, S;) = S(L;, L;) as R-modules.
But S(L;,L;) =2 kifi=jand 0if i # j. O

Proposition 6.4.6. Let R be a Krull-Schmidt ring, L € modR, A = End(L), and
X € modA. LetT be a simple right A-module. Also, let

d2 di do

@y Q1 Qo X 0

be a minimal projective resolution of X. Then

Ext' (X, T) = Hom(Q;, T)
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Proof. The resolution is minimal, so (d;,T") = 0 for all # > 0. Hence the cohomology

is Bxt'(X,T) = H(Hom(Q.,T)) = Hom(Q;, T). O

Corollary 6.4.7. Given a minimal projective resolution QQ. — X — 0 of an A-module
and a simple A-module T with associated projective P, dimy,Ext'(X,T) is the number

of copies of P in Q).
Proof. We know by Proposition 6.4.6 that
Ext'(X,T) = Hom(Q;,T)
But dimiHom(Q;, T is just the number of copies of P in @); by Lemma 6.4.5. []

The following proposition then follows directly from resolutions 6.3.1 and 6.3.2.

Proposition 6.4.8. Let R be the ring defined at the beginning of the chapter and
L=R®S_1. Let Ty and T_1 be the simple A-modules associated with R and S_;

respectively. Then

ELCtl (To, To) =0 EQ?tl (To, T,1> = kS
El’tl(T_l,To) = 1{32 E.Ttl(T_l, T_l) =0

6.5 Moduli Spaces and Blowups

Now we examine the blowups of R. All of the Cohen-Macaulay modules .S; are isomor-
phic to ideals of R. This gives us hope that there might be some relationship between
blowups at ideals and endomorphism rings of Cohen-Macaulay modules. Even more
promising is the fact that blowups only depend on the R-module isomorphism class
of the ideal being blown up. This means that, as long as we can imbed the Cohen-
Macaulay as some ideal, we can talk about “blowing up at the module.” In this

section we examine a few blow-ups.
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Recall

R :k[[xlmg, T1T3%4, xlmi, Toy, Loyl

~L([X,Y, Z,UV|]/(XZ - Y2 XV —YU,YV — ZU)

6.5.1 Blowup at S_»
We first blow up the ideal

I = (X, Y, Z) = 1'1572
~g,

Set X=Xt Y=Yt Z=11
Our blowup is then Proj(R[[t]) = k[[X,Y, Z,U,V]|[X',Y', Z']. Is this smooth?
Let’s look at the charts on it. Let B be the ideal of relations on R][[It]].

R[[I][X "]y = RYX ', ZX ™|
= k[[X,Y, Z,UVIYX~, ZX7"]/B
But our relations give us Y = (YX )X, Z=(ZX HX, V=VXX 1 =YUX ! =
(YX U, and ZX ' = XZX 2= Y2X 2 = (YX V)2 So
RI[IH]][X "o = KX, UJ[YX"]/B

This is isomorphic to the regular ring k[[y1, y2]|[ys] and hence is regular.

Also R[[It]][Z7}] is isomorphic to R[[I]][X ] under the ring homomorphism

X Z (6.5.1)
Y i—Y (6.5.2)
Z— X (6.5.3)
U—V (6.5.4)
ViU (6.5.5)
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So it, too is regular.

R[[I[Y Yo = R[XY ', ZY Y
= k[[X,Y,Z, U V]][XY ', ZY~'/B

But our relations give us X = (XY™ )Y, Z = (ZY"H)Y, and (XY 1) (ZY 1) =
XZY ™2 =Y?Y~? =1, so that XY~ = (ZY~1)1. So

RII|Y o = K[, UIIXY ™, (XY)']/B

This is isomorphic to the regular ring k[[y1, y2]][y3, v5 '] and hence is regular.

So Proj R|[[It]] is regular.

The map R — RJ[[[t]] gives a map m : Proj R[[{t]] — Spec(R). The question is,
what is 771(0)?

Setting m = (X, Y, Z,U, V), we see 7 1(0) = Proj(R[[It]]/m). But

R 1 r o,
k[X,Y,Z]
B/mB
XY, Z)

(XZ —Y?)

So 771(0) =2 PL.

6.5.2 Blowup at S_

The ideal (U, V) = S_; is isomorphic to a submodule of (X, Y, Z). The (U, V)-blowup
is smooth with an exceptional divisor of P'. The proof is omitted.
So the blowup R[Sit] has an exceptional divisor P2. The endomorphism ring

End(R®S;) has Exty(S(L, R), S(L, S;)) = k*. Additionally, R[S_;t] has exceptional
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divisor P!, whereas A = End(R@® S*,) has Ext,(S(L, R), S(L, S*,)) = k*. Perhaps if
we projectivize a certain space of extensions, we’ll get the blowup. The next chapter
explores that idea in more generality.

An interesting note is that End(R® S;) = End(R @® S_1), but R[S;t] and R[S_1t]
are not isomorphic. One is regular, and one has a singularity. So if there is going
to be a relationship between blowups and endomorphism rings, it will have to reflect
some intrinsic property of the ideal blown up. Perhaps a homological condition is

necessary.
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Chapter 7

BLOWUPS, MODULI SPACES AND ENDOMORPHISM
RINGS

In this chapter we compare certain spaces of extensions of A-modules and certain
blowups of a ring. We conclude by proving that there is a bijection between one of

these spaces of extensions and the closed points of the corresponding blowup.

7.1 2-Dimensional A-Modules

Here we prove some results about the “space of 2-dimensional A-modules.” Through-
out this section, k is an algebraically closed field, R is a commutative, local k-algebra,

and A is a module-finite R-algebra, Z(A) = R, with the following property:

For every simple A-module T', dimy(T) = dimy(Enda(T")) = 1.

If R is Krull-Schmidt and A = Endgr(M) for some M € mod R, the property
holds. If every simple A-module is a simple R-module, the property also holds.

Unless otherwise specified, all A-modules are right modules.

Lemma 7.1.1. Let T,S,T",S" be nonzero simple right A-modules. Let X be an

indecomposable A-module. If
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are short exact, then there exist isomorphisms 6, A such that the following diagram

commutes.

Pl b

X S’ 0

Proof. Define X : S — S’ by setting A\(s) = ¢ o ¢~ 1(s). This is:

Well-defined: We need to show that for every z € X, if ¢(x) = 0, then ¢(z) = 0.
Assume that for some z, ¢(x) = 0, but ¥(z) # 0. Then Az C ker¢ = p(T"). But T
is simple, so Rx = p(T"). But since S’ is simple, S’ = )(Rz) = 1) o p(T), and this
is isomorphic to a quotient of 7. However T is still simple, therefore ¢p : T' — S
is an isomorphism. This means (¢p)~'¢ : X — T is a splitting map for p, and
X 2T & S. This contradicts the assumption that X is indecomposable. Therefore
for every x € X, ¢(x) = 0 implies that ¢)(x) = 0, and X is well-defined.

Injective: If X is not injective, then there is an x € X such that ¢(z) = 0, but
¢(x) # 0. The exact argument we used above shows this can’t happen.

Surjective: im A is a nonzero submodule of S’. The only nonzero submodule of a
simple module is itself, so im A = 5.

Thus A : S — S’ is an isomorphism.

We can define § : T — T" by §(t) = 0~ !p(t). The proof that this is a well-defined

isomorphism is dual to the proof for . O

Lemma 7.1.2. Let T, S be simple A-modules, let X, X' be indecomposable A-modules,

and assume there are short exact sequences

Then X = X' if and only if there exist isomorphisms 7 : X — X" and A : S — S
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such that the following commutes

0—>T "X 50 (7.1.1)
(T
0—>T "> X' s §—0

Proof. Assume X = X'. Without loss of generality, we can assume X = X’. Then

by Lemma 7.1.1, there exist nonzero 0, \' € k such that

0—>T-2>x 2>y 0
| g
0—>T-2-x Y>35 0

Set T=05A=XNo"t Thentp=06'lp=0,and \p = N6t = Npd~ ! =61 =
7. So 7.1.1 commutes.

The other direction is trivial. O

The next theorem is interesting, but it needs some algebraic structure. The map
in question is very natural, but the author is unsure what extra structure could be

put on either space.
Theorem 7.1.3. For any two simple A-module S, T, there is a bijection

{isomorphism classes of 2-dimensional A-modules X that

fit into a short exact sequence 0 — T — X — S — 0}

)
Bt (S, T)/k*

Where the k* = Auta(S) action on Ext'(S,T) is induced by the action on S.
Further, every 2-dimensional A-module fits into such a short exact sequence so

that we have a bijection

{2-dimensional A-modules}

!

@S,T simple Extxl4<57 7_1)/]'6><
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Proof. Let J be the set of isomorphism classes of 2-dimensional A-modules which fit
into short exact sequences 0 - T — X — S — 0.
We consider Exth(S,T) as the set of short exact sequences starting at S and

ending at T, with two sequences being equivalent if there is a commutative diagram

0 T X S 0
0 T X' S 0

This gives a well-defined map of sets ¢ : Ext!(S,T) — J which sends a short exact
sequence to the 2-dimensional module in its middle. Now let a,b € Ext!(S,T). By
Lemma 7.1.2, ¢(a) = (b) if and only if there exist isomorphisms A € End4(S5) and

7 : X, — X, such that the following diagram commutes

Pa

0 T—>X, S 0 (7.1.2)
b
0—=T -2 X, 2> 5— >0

But the existence of such a diagram is equivalent to the existence of a 0 # )\ €
End(S) = k such that b = Aa. So a,b € Exzt'(S,T) have the same image in J if and
only if b = Aa for some X # 0. This gives the bijection Fxth(S,T)/Aut(S) — J.
The only simple A-modules are 1-dimensional by assumption, so any 2-dimensional
A-module admits a surjection to a 1-dimensional module. Hence any 2-dimensional
X € mod A fits into some short exact sequence between simple A-modules. The

second result follows directly. O]

7.2 Properties of Graded Rings

In this section we explore some properties of graded rings. Throughout, S is an

N-graded noetherian ring over an algebraically closed field, k.

Definition 7.2.1. We say a homogeneous ideal, [ C 5, is a trivial ideal if I; = S; for
1> 0.
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We say a homogeneous ideal is non-trivial if it is not a trivial ideal.
As a topological space Proj.S has as points all non-trivial homogeneous prime

ideals.

Lemma 7.2.2. Let S = k[z1,...,x,] with the usual grading, and let I be a ho-
mogeneous ideal of S. 1 is nontrivial if and only if there exists a maximal ideal

m= (21 —ay,...,T, — ay) containing I with a; # 0 for some j.
Proof. <: Assume such a maximal ideal exists. Then there is a commutative diagram

S/T—"~S/m

A

S

Now, for every i € N, g(z}) = a} # 0. Hence hf(z}) = a}. Specifically, f(z}) is

nonzero for all 7. So xé ¢ I;, and I; # S; for every i € N. Therefore I is nontrivial.
=: Assume my = (xy,...,2,) is the only maximal ideal containing I. Then

SuppsS/I = {mg}, so S/I is finite dimensional over k. Therefore, for i > dim;S/I,

(S/I); =0, and I is trivial. O

Lemma 7.2.3. Let S = k[z1,...,x,] with the usual grading. As before, define the
ideal p = (z1 — alz—j, e Ty — an%) with a; # 0. Then the map klz;] — S — S/p is

an 1somorphism.

Lemma 7.2.4. Let S = k[zy,...,x,] with the usual grading. Let aq,. .., a, € k with
a; # 0 for some j. Then
Iﬁj i
ﬂ (X1 —Aa1, ..., Ty — Aay) = (X1 —a1—, ..., Ty — Qp—)
a. .
Aek> J J
Proof. Without loss of generality j = 1. Set p = (z; — a12L, ..., 2, — a,2t) and
J
my = (x1 — Aay, ..., T, — Aay), and set J = Nygpxmy.
C: We'll show J C p by showing that if f ¢ p, then f ¢ m, for some A. So assume

f € Sisnot in p. Now the composition map k[z;] — S — S/p is an isomorphism. So
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if we denote f € S/p for the image of f. Then f is a polynomial in one variable, z;,
which is attained by replacing x; with a;z;/a; in f. Since f ¢ p, f # 0, so there is a
A € kX such that f()\) # 0. Since f(\) = f(A, Aag/ai, Aas/ai, . . ., Aa,/a;) is nonzero,
we see f & (21 — N\, w2 — Aag/ay, ..., &y — Aap/a1) = My /q,.

D: For every f € S, f € my if and only if f(Aay,...,Aa,,) = 0. So to show
p C m,, it suffices to show that the generators of p have this property. But for every
(3

;X1 ai)\al

=0

|f:>\a = A\a; —
a 3]

T; —

Thus, all the generators of p are in my, so p C m,. This containment holds for every

Ae kX, sopCJ. n

Proposition 7.2.5. Let S = k[z1,...,x,] with the usual grading. Let I be a homo-
geneous ideal which is contained in the mazimal ideal m = (1 — ay, ..., T, — ay,). If

aj #0, thenICp:(:Cl—alz—j,...,xn—anz—;).

Proof. 1f I is a homogeneous ideal contained in m, then [/ is contained in my =
(r1 — Aay, ..., x, — Aay) for all X € k*. Hence I is in the intersection of the my, i.e.

I Cp. O

Corollary 7.2.6. Let S = k[xy, ..., xz,| with the usual grading. A homogeneous ideal

I C S is a nontrivial if and only if it is contained in an ideal of the form

Ly L Ly Ly
=(r1—a1—,...,0i 1 —Qj_1—,Lit1 — Qjg1—y...,Typ — Qp— 7.2.1
p ( 1 1aj j—1 J 1(lj J+1 J+1aj n n@j) ( )
Proof. By Lemma 7.2.2, I is nontrivial if and only if it is contained in a maximal
ideal m = (z1 — ay, ..., x, — a,) with some a; # 0. But by Propositions 7.2.5, this is

equivalent to being contained in an ideal of the form 7.2.1. O]

Definition 7.2.7. For an N-graded ring we define MaxProj .S to be the set of nontriv-
ial homogeneous ideals which are maximal in Proj.S. We will call such ideals mazimal

homogeneous ideals.
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Definition 7.2.8. Let R be a commutative ring. We say a commutative graded R-
algebra S is generated in degree 1 if it is generated as an R-algebra by homogeneous
elements of degree 1. We say S is finitely-generated in degree 1 if it generated in
degree 1 by a finite number of generators.

If S is a commutative graded ring, we say a homogeneous ideal I is generated in
degree 1 if Iy = SI;. I is finitely-generated in degree 1 if it is generated in degree 1
by a finite number of elements of S.

Note that S is (finitely) generated in degree 1 as an Sp-algebra if and only if S is

(finitely) generated in degree 1 as an ideal over itself.

Corollary 7.2.6 states that an ideal in MaxProj S is maximal among all nontrivial
homogeneous primes. We will see that this result holds for a much more general class
of rings.

Another important thing to note is that maximal homogeneous ideals are gener-
ated in degree 1. This is important, because if we want to specify a maximal ideal,
we need only specify it’s degree 0 and degree 1 parts. We will also generalize this

result to a larger class of rings.

Proposition 7.2.9. Let S be a connected-graded k-algebra, finitely-generated in de-
gree 1. Then every nontrivial homogeneous ideal is contained in some p € MaxProj S.
Further, if p € MaxProj S, then p is generated in degree 1, and for every t € S1\p1,

the map k[t] — S/p is an isomorphism.

Proof. Under the stated conditions, S = k[zy,...x,]/K for some homogeneous ideal
K. The lattice isomorphism theorem states there is a one-to-one correspondence
between ideals (respectively prime ideals) of S and ideals (prime ideals) of k[x1, ..., ;]

which contain K. All the results follow directly. m

Lemma 7.2.10. Let R be a noetherian k-algebra. Let S be a graded R-algebra finitely-

generated in degree 1 with Sy = R. Let J be a nontrivial homogeneous ideal of S.
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Then there exists a mazimal ideal m C R such that the localizations, (J;)m # (Si)m

are not equal for every i > 0.

Proof. We show the contrapositive. Assume there exists an 7 € N such that for every
m C R maximal, (J;),, = (S;)m. Then for every maximal ideal m, (S;/J;)m = 0,
which means Supp(S;/J;) = 0. Thus S;/J; is the zero module, and S; = J;. Further,

since S is generated in degree 1, S; = J; for all j > i. O

Lemma 7.2.11. Let R be a noetherian k-algebra. Let S be a graded R-algebra finitely-
generated in degree 1 with Sq = R. Let J be a nontrivial homogeneous ideal of S.
Then there exists a mazimal ideal m C R such that mS + J is also a nontrivial

homogeneous ideal.

Proof. Pick a maximal ideal m C R as in Lemma 7.2.10. For a given i C N, (J;),, €
(Si)m as R,, modules. By Nakayama’s Lemma, m(S;)m + (Ji)m S (Si)m. So, (mS; +
Ji)m S (S;)m as modules over the local ring R,,. But this means that mS; + J; # S;
as R-modules, otherwise we’d have equality when we localized.

So for an m as in Lemma 7.2.10, and for every ¢« > 0, mS; + J; # S;. This is

exactly the condition that mS + J is nontrivial. O]

Theorem 7.2.12. Let R be a noetherian k-algebra, and let S be a graded R-algebra
finitely-generated in degree 1 with So = R. FEvery nontrivial homogeneous ideal is
contained in some p € MaxProjS. Further every p € MaxProj S has the following
properties:

(a) po = m for some mazimal ideal m C R,

(b) p is generated in degree 1 as an ideal of S

(¢) For every x € S1\p1, the composition k[z] — S — S/p is an isomorphism.

Proof. Let J be a nontrivial homogeneous ideal. Then by Lemma 7.2.11, there is a
maximal ideal m C R such that mS + J is a nontrivial homogeneous ideal of S. Let

K be the image of mS + J under the map 7 : S — S/mS. Now S/mS is a k-algebra
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finitely-generated in degree 1, so K is contained in some maximal homogeneous ideal
p' C S/mS by Proposition 7.2.9. Set p = 7 !(p/). By the lattice isomorphism
theorem, p € MaxProj S, and p D mS + J D J.

To prove (a), we note that, for any p € MaxProj .S, by Lemma 7.2.11 there is an
m C R such that mS + p is a nontrivial homogeneous ideal. By the maximality of p,
mS + p = p. Specifically, pg O m. By the maximality of m, pg C m. Hence py = m.

For (b), we first point out that p’ is an element of MaxProj S, so by Proposition
7.2.9, p/ is finitely-generated in degree 1. Solet {z1, ..., z,} € S; be a set whose images
generate p’ as an S/mS-module. R is noetherian, so m = py is finitely generated. Say

m = Ry; + ... Ry;. Therefore,

p=n""(p)
=(21,22,...,2,) + mS

:(Z17227 cees Zny Y1, Y2, - 7yl>

Since the z; € Sy,
p>1 =(21, 22, ..., Zn) + MS>1

Both terms are finitely-generated in degree 1, so p>; is also. Hence p is. More specif-
ically, if {z1,...,2:} € S; are the generators of S as an R-algebra, p>; is generated
as an S-module by the z; and products of the form z;y;, all of which are in S;.

Part (c) follows from the fact that S/p = (S/mS)/(p’) = kly] for some y €
(S/mS)1\p} by Proposition 7.2.9. If 7 : S — S/mS, pick z € 77'(y). Then 7|y :

k[x] — k[y| is an isomorphism, so k[x] — k[y] — S/p is an isomorphism. O

7.3 Moduli Spaces of A-Modules

Throughout this section (R, m, k) be a noetherian commutative Krull-Schmidt local k-

algebra of krull dimension greater than 1, I is an ideal of R which is Cohen-Macaulay
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and reflexive as an R-module. To shorten the notation, if X and Y are R-modules,
we will write (X,Y) := Hompg(X,Y). The goal of this section is to examine the
relationship between the blowup of I and the endomorphism ring of R & I*.

Let L = R@® I* and A = End(L). The ring A has two indecomposable projec-
tive modules, Pr = Hompg(L, R) and P = Homg(L, I*) with corresponding simple
modules S = S(L, R) and T'= S(L, I*). We set x C mod A to be the set of indecom-

posable A-modules X such that there exists a short exact sequence

g

0 T ) 0

X

Set R' = R[It]. Set T = {R'/p|p € MaxProj R'}. By Theorem 7.2.12, a graded
R'-module Y is in T if and only if (a) it is simple and (b) Y; # 0 for every ¢ > 0. So

T somehow corresponds to the closed points of Proj R’. We will construct a bijection
b:xy—T

The resulting bijection will be rather unsatisfying. It shows promise, however, in
possibly being turned into something with a little more structure.

Theorem 7.2.12 implies that for every Y € T,

Y—REB[G9I2® r @&
po  p1 Pl pil?

In addition, R is local, so po = m. Hence to define a Y € T, it suffices to specify a
submodule p; C I such that

(a) dimg I/p; = 1 and

(b) Im C p;.

Lemma 7.3.1. Let p; C I have the property that dimyg [ /p; = 1. Then Im C p;.

Proof. Pick x € I\p;. Define a homomorphism € : R — I/p; by €(r) = TrF. Since R is
local and € # 0, kere C m. But dimy R/ ker e = dimy R/m. So m = kere. Therefore,

for every x € I, zm C p;. m
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So we only need to find a submodule p; C [ such that dimy [/p; = 1. This is

actually the set of maximal proper submodules of I. We will use the notation J = p;.

Lemma 7.3.2. Let X € x. Any nonzero map i : Pr — X gives a projective cover

of X.

We construct a submodule J C I as follows. Pick a projective cover y: Pp — X,

and let Z = ker i1, so that we have an exact sequence

0 Z Pr X 0
Hitting this with Homa(P;, ), we get
0 — Homy (P, Z) — Hom (P, Pg) —*= Hom (P, X) —0 (7.3.1)
By the Yoneda Lemma,
Homy (P, Pr) = Homu((L, I*), (L, R)) = (I",R) =1 (7.3.2)
The reader should be careful here. There is a composition of maps

I — (I*, R) — Homu((L, I*), (L, R))

The reflexivity of I says the first map is an isomorphism. The Yoneda Lemma says
that the second map is an isomorphism. So the chain of equalities 7.3.2 are actualities,
not mere isomorphisms.

Also, we know by Proposition 6.4.5, that Hom (P, T') = k, and Homa(FPy, S) = 0.

So any short exact sequence

0 T X S 0 (7.3.3)
induces an isomorphism

0 —— Homu(P;, T) — Homy (P, X) —— Homu (P}, S) —=0 (7.3.4)

~

0 — Homu (P;,T) — Homu (Pr, X) 0 0
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So 7.3.1 is the exact sequence
0 — Homu(P;, Z) —= I — Homy (P, X) —=0

Setting p; = Homa(Pr, Z), we get that I/p; = Homy(Pr, X) which is dimension 1

over k.

Lemma 7.3.3. Let py, ps : PR — X be projective covers of X. Then
Hom 4 (P, ker i) = Hom 4 (P, ker pif).

Proof. Hitting sequence 7.3.3 with Homy4(Pr, ), we get that
Homy (Pr, X) = Homa(Pg, S) as in 7.3.4. So Hom 4 (Pg, X) = k. Since p; and py are

nonzero, they’re scalar multiples of each other and hence have the same kernel. [

So the assignment

O:y—T

X — Homy(Pr, Pg)/ Homa(Pr,kerp) =1/J
is well defined up to isomorphism of X.
Lemma 7.3.4. If X € x and 0 # g € Homu(P;, X), then ker g = rad(L, I*).

Proof. Any morphism ¢g : Pr — X can be written as a composition Py — T — X,

because of the isomorphism Hom4 (P, T) — Homa(Pr, X). So ker g =rad(L, [*). O
Lemma 7.3.5. The assignment ® : x — Y is injective.

Proof. Pick X;1,X, € x, and let y; : P — X; be projective covers. Assume
Hom 4 (Pr, ker p1) = Homa (P, ker pa). We'd like to show this implies X; = Xo.

By Theorem 2.5.6 to show that X; = X5 as A-modules, we need only find a natural
transformation £ : Homy((L, ), X3;) — Homu((L, ), X3) of functors on add L. Set
F, =Homu((L, ),X;).
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It suffices to define £ on I* and R, the additive generators of add L. Now Fj(R) =
Hompg(Pr, X1) = Homg(Pg, S) = Hompg(Pg, X2) = F3(R). So pick any isomorphism
n: Fi(R) — Fy(R), and set {(R) =n: F1(R) — F»(R).

We have p; : P — X;. Redefine py : P — X, to be the map such that
n(R)(p1) = pe. Since the kernel of any projective cover of X, is independent of the
morphism, we can do this. Set K = Hom4(Pr, ker p11) = Hom 4( Py, ker pz). We have

an isomorphism of exact sequences

0= K — Hom (P, Pr) —~ Homa(Pr, X1) — 0
)
0—= K — Homa(Py, Pr) 2> Homa(Py, X3) — =0
Where € is the induced map. Set {(1*) = e.

Now that we’ve define &, we have to show it’s an isomorphism of functors. Well,
by construction, both {(R) and £(I*) are isomorphisms of R-modules. So for every
U € add L, £(U) is an isomorphism of R-modules.

We also need to show that £ is a natural transformation. I.e. for every U,V &
add L and f € Homg(U, V'), we need to show the following diagram commutes.

Fi(f
R(v) 2 Fy (o)

f(V)l ié(U)

Fy) (V) WF2(U)

Again, because R and I* generate add L, we need only check Homg(R, R),
Hompg(I*, I*), Hompg(R, I*), and Homg(I*, R).

Now Hompg(R, R) = Homg([*,I*) = R. And we’ve already said &(R) and &([*)
are R-module homomorphisms. So those cases are taken care of.

Pick f: R — I*. We'll show that the following commutes.

—=Fi(R) (7.3.5)
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Now f € Hompg(R, I*) = rad(R, I*) = Hom(Hompg(L, R),rad(L, I*)) by the Yoneda
Lemma. So im f C rad(L,I*). Pick A\; € Homy (P, X;). By Lemma 7.3.4, ker A =
rad(L, I*) Dim f. So Fi(f)(\) = foA = 0. A similar argument shows that F5(f) = 0.
So 7.3.5 commutes trivially.

Pick f: I* — R. We’ll show that the following commutes.

Fi(R) YL g (1) (7.3.6)

g(R)l \L{(I*)e

I5(R) WFQ(I*)

Since all the maps are R-module homomorphisms and Hom 4 (Pg, X) = pR, it suffices

to show (&(1*) - Fi(f))(u1) = (Fa(f) - €(R))(u1). Unwinding the definitions, we get

&I - Fa(f)(pa) = (e~ Fi(f) ()
= €(pu1f)
= pzf
= (E(R) (1)) o f
= (F2(f) - £(R)) (1)

So £ is a natural transformation which gives an equivalence between Fj and F3 on

add L. By the Morita equivalence of add L and A, this implies X; = X,. O
Lemma 7.3.6. The assignment ® : x — Y s surjective.

Proof. Pick a J C Hompg(I*, R) = Homu(Fy, Pg) such that dim, Homa(Py, Pr)/J =
1. We define a functor G : add L — mod R by defining it on the additive generators
R and I* of add L.

Set G(R) = (R,R)/m and G(I*) = (I*,R)/J. We define G on morphisms by

precomposition.
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For f € (R,I*) and h € (I*, R), set

G(f) : G(I*) — G(R) (7.3.7)
G(f)(h+J)=hf4+m (7.3.8)
For g € (I*,R) and r € (R, R)
G(g9): G(R) — G(I") (7.3.9)
G(g)(r+m)=rg+J (7.3.10)

For r € Homg(R, R) = Rorr € Homg([*,I*) = R, G(r) is just multiplication on the
right by r. Composition behaves in the expected way. This is a well-defined functor
on add L.

Note that for every f: R — I* and h: [* — R, the composition R R
is in rad(R, R) = m by Proposition 2.1.4(e). So G(f) = 0 for every f € (R, I").

Set X = G(L). By Theorem 2.5.6, the Morita equivalence of add L and A, we
know Homa((L, ),X)=G.

We need to show two things: (a) There is a projective cover p : Pr — X such that
J = Homu( Py, ker pi), and (b) there is a short exact sequence 0 - 7' — X — S — 0.

(a) Pick any nonzero pn € G(R) = Homy(Pg, X), and pick s € (I*, R)\J. Then, by
construction of the functor G, G(s)(u) = pus € G(I) = Homyu (P, X) is nonzero. But
dimy G(I) = 1. So the map p : P — X induces a surjection p' : Homa (P, Pr) —
Hom 4 (Pr, X). Since Py is projective, this means p must be surjective. Set Z = ker p.

Then we have the short exact sequence

0 7 Pp—tsx 0 (7.3.11)

There are therefore two short exact sequences: one coming from 7.3.11 and one coming

from the fact that G(I*) = Homg(I*, R)/J.

0 7 Hom(P;, Pr) G(I%) 0 (7.3.12)

/

0 — Homy (P;, Z) — Homy (P, Pr) ——— Hom (P, X) — 0
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The kernels of these maps are the same, so we get J = Hom4 (P, Z) as we hoped.
(b) We have a surjective map p : Pp — X. Now ker u C rad(L, R), so there exists

a map o : X — S which makes the diagram below commute.

Pr

N\

X 5 S—=0
Set T" = ker o with inclusion map 7 : 7" — X, so that we have a short exact sequence

T

0 T X—S 0 (7.3.13)

Since dimy X = 2 and dimy, S = 1, we know dim;, 7" = 1, and 7" is a simple A-module.
Hitting this sequence with Homa(P;, ) and using the fact that Homa (P, S) = 0
and Hom(Py, X) # 0, we see that Hom(P;,T") # 0. So 7" must be T, the simple
A-module associated with I*.

Sequence 7.3.13 must be non-split. If it were split, then X = S & T, so there

would be no surjective morphism p: Pr — X. [l

Combining these lemmas, we see that ® is a bijection.
Theorem 7.3.7. The map ® induces a bijection Ext’(S,T)/k* — MaxProj R'.

So, there is a one-to-one correspondence between closed points of the blowup alge-
bra R’ and a space of 2-dimensional A-modules. Unfortunately, it is not immediately
obvious how to make this bijection "nice”.

It would be interesting to explore further algebraic structure on ®, to see if we
could make MaxProj R' a moduli space of A-modules. The pudding, of course, would
be a sheaf of A-modules on MaxProj R’ which satisfies the following theorem of Hille
& van den Bergh.

Theorem 7.3.8 (Hille & van den Bergh). Let X be a projective scheme over a noethe-
rian affine scheme of finite type and assume E € D(Qcoh(X)) has the following

properties:
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(a) E generates D(Qcoh(X)) and

(b) Hom{, (E,E) =0 fori# 0.

Set A = Endop,(F). Then RHome,(E, ) gives an equivalence between
D(Qcoh(X)) and D(A), which restricts to an equivalence between the bounded de-

rived categories. Further, if X is smooth, then A has finite global dimension.

Under the conditions of [BKRO1], and of [vdB04], regularity of A and X ensures
a kind of crepancy of the resolution. Our relationships between the blowup algebra
R’ and the ring A does not require so much structure. So, while we may hope to find
a sheaf on Proj R’ that satisfies Theorem 7.3.8, it is unreasonable to expect that such
a sheaf will always exist. In fact, considering the comments at the end of Chapter 6,

there are cases where such a sheaf will not exist.
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